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PREFACE. 


The present Treatise is intended as an introduction to 
the study of the Differential and Integral Calculus, but 
will I e fov^rid to contain what it is necessary to know in 
order o pass on to the subjects which presume a know¬ 
ledge of the Calculus. 

I have endeavoured to make this book suitable not 
only for the mathematical student, but also for men like 
engineers and electricians who require the subject for 
practical applications, to whom even a slight knowledge 
of the notation and methods of the Calculus is becoming 
more and more indispensable. 

Hitherto in this country the influence of Newton, 
although the inventor of Fluxions, has been employed 
to aelay the study of this subject and make a know¬ 
ledge of it the privilege of a select few; my object in 
writing this treatise has been mainly to present the 
subject in as simple a manner as possible, in order to 
encourage a larger number of students to cultivate it. 

With the object of keeping the size of the book within 
reasonable limits, it is assumed that the reader has 
already acquired a knowledge of the elements of Algebra, 
rrigc ometry, and Coordinate Geometry, as given, fora 
instance,^ in the treatises of Hall and Knight, J. B. Lock , 5 
and. G. Smith; accordingly I have at once proceeded to 
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the operation and application of Differentiation with as 
little preliminary explanation as possible. 

I have followed the recent American treatises on this 


subject of Rice and Woolsey Johnson, Byerly and J. H. 
Taylor, in introducing the notion of Time as an inde¬ 
pendent variable, and the associated ideas of velocity 
and acceleration, in order to afford illustrations of the 
use of the Calculus; this is after all only a return to the 
Method of Fluxions as invented by Newton, and carried 
out by Maclaurin and other writers in this country, 
until supplanted by the notation of the Differential 
Coefficients of the foreign mathematicians. 

The Doctrine of Fluxions is a useful and rigorous 


method of presenting the elementary ideas of the flow 
of varying quantities, and is employed in the treatises 
of Rice and Woolsey Johnson under the name of the 
Method of Rates; but Newtons notation for a fluxion, 
for instance x the fluxion of x , though easily written is 
difficult to print, and has the inconvenience of not in¬ 
dicating the independent variable, so that the notation 

eZiC 

(1607) of Leibnitz, ^ instead of x , is now used almost 


universally in printed books; and to economise space, 
this notation it is now proposed to print in the form 

dxldt. 

The chief novelties in the present work consist, first, 
in carrying on the subjects of the Differential and of the 
Integral Calculus together, instead of, as is usual, com¬ 
pleting the Differential before passing on to the Integral 
Calculus; secondly, in the use of the hyperbolic functions 
in conjunction with the ordinary circular trigonometri¬ 
cal functions, as thereby an exact analogy is preserved, 
which is pot apparent when only the exponential and 
logarithmic functions are employed. 

The notation of sinh, cosh, tanh, etc., to denote the 
hyperbolic sine, cosine, tangent, etc., has been employed, 
in accordance with what appears to be now the most 
universal custom. 
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I have ventured also, on the grounds of symmetry, to 
introduce the inverse hyperbolic functions, and, following 
Ferrers and Byerly, to denote them by sinh -1 , cosh -1 , 
tanh -1 , etc., by analogy with sin -1 , cos" 1 , tan -1 , etc.; 
this idea of symmetrical symbolism will be found indi¬ 
cated in Bertrand's Integral Calculus, Chapter I., but lias 
not been pursued apparently because of the lengthiness 
of the notation there employed, namely, sect, sin hyp., 
sect, cos hyp., sect, tang hyp., etc., instead of the above. 

By the use of the direct and inverse hyperbolic 
functions in conjunction with the direct and inverse 
circular functions, the Calculus is in my opinion con¬ 
siderably simplified; and the student is led on more 
naturally and readily to the consideration of the elliptic 
functions. The consideration of these last functions is 
however beyond the scope of the present treatise. 

To exhibit more clearly the analogy and symmetry 
between the circular and hyperbolic functions, I have 
made^ a digression in Chapter I. on the formulas of the 
addition equation (as it may be called by analogy 
with elliptic functions) of ordinary trigonometry, show¬ 
ing how the formulas may all be deduced from a single 
figure, with the corresponding relations of the hyperbolic 
functions. 

Numerous collections of examples will be found 
throughout the book, introduced at each point to 
illustrate what has immediately gone before, and 
chosen as having some bearing on subsequent stages 
of mathematics. 

The order of arrangement will be found in some 
respects different to what is customary; for instance, 
the idea of tracing simple curves from their equations 
has been introduced into the first chapter, so far as is 
required for the ordinary applications of the Integral 
Calculus to finding the areas, etc., of these curves; the 
general theory of curves being resumed in Chapter YI. 
Maximums and Minimums also have been investigated 
without the aid of Taylor’s Theorem. 
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Change of the Independent Variable has only been 
touched upon where necessary; the general theory of 
Change of the Independent Variable, Lagrange’s and 
Laplace’s Theorems, and the Elimination of Constants 
and Functions, have been omitted as beyond the scope of 
an elementary practical treatise. 

I have to thank Mr. A. G. Hadcock, Inspector of 
Ordnance Machinery, Royal Artillery, for drawing the 
diagrams, and also for revising the proof sheets and 
preparing the index. 

Woolwich, December, 1885. 


PREFACE TO THE THIRD EDITION. 

In this edition many of the most elaborate illustrations 
of the theory, inserted in the second edition, have been 
omitted with a view of keeping down the size of the 
book. 

An alternative notation for the hyperbolic functions, 
sinh and cosh, has been introduced in the abbreviated 
forms of sh and ch, in accordance with recent American 
and Continental practice. 

Many of the diagrams have been redrawn by Mr, 
A. G. Hadcock, whom I have to thank also for a careful 
revision of the proof sheets. 


Woolwich, April, 1896. 
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DIFFERENTIAL AND INTEGRAL 

CALCULUS* 


CHAPTETt I 
ON PUNOTIONS 

^ Art. 1. Definition of a Function 

/ 

constant is a quantity which retains the same value 
throughout a discussion. 

'/ X variable is a quantity which has different successive 
values in the same discussion. 

If two variables are so related that to every value of the 
first there correspond one or more determinate values of the 
second, the second.is called a function of the first. 

Denote the vaiiables by x and y, and let the relation between 
em be expressed by the equation y = mx -f- n, where m and 
U constants. If in a particular discussion m = 3 and 
, the equation becomes y = 3x-j-5. Arbitrary values 
e assigned to x } and the corresponding values of y calcu- 
If in another discussion m = — 2 and n = 6, the equa- 

bv Nftwt ^ n d Integral Calculus was invented independently 

T^iVmi* ° n Infinite, Newton antedating Leibnitz by several years. 

lflfti xr 18 the “Acta Eruditorum” of Leipzig, in 

J ewton published his method in his “ Natural Philosophy,” in 1687. 
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tion becomes y = — 2x-j- 6. Again, arbitrary values may be 
assigned to x, and the corresponding values of y calculated. 

The variable x y to which arbitrary values are assigued, is 
called the independent variable. The variable y , whose value 
depends on x, is called the dependent variable or function. 

In the equation y = 3x + 5, if x increases, y increases; if x 
decreases, y decreases. This fact is expressed by calling y an 
increasing function of x. 

In the equation y = —-—-, if x increases, y decreases; if x 

x -f- o 

decreases, y increases. Tl^> fact is expressed by calling y a 
decreasing function of x. 


Art. 2. 




The Indefinitely Large] and Indefinitely 

Small 


ciently far. 


V 



t 


The term of the geometric progression 1, 2, 2 2 , 2 3 , 2 4 , 2 5 , ••• 
continually increases, and becomes larger than any number 
that can be assigned when the^ progression is extended suffi-. j 


The term of the geometric progression 1, 1, I, I, 1,... 

continually decreases and becomes smaller than any number 
that can be assigned when the progression is extended suffi¬ 
ciently far. 

A variable quantity whose numerical value continually 
increases and becomes larger than any quantity that can be 
assigned is said to become indefinitely large. 

A variable quantity whose numerical value continually 
decreases and becomes smaller than any quantity that can be 
assigned, is said to become indefinitely small. ( 

3 ... 'Jj, 

If y = ——Zf and x is positive and becomes indefinitely 
x -j- o . , 

large, the corresponding value of y is positive, and becomes 
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indefinitely small. If x is negative, and starting from zero 
continually approaches — 5 in such a manner that the differ¬ 
ence between the value assigned to a; and - 5 becomes indefi¬ 
nitely small, the corresponding value of y is positive and 
becomes indefinitely large. If x continues to decrease beyond 
-5, y becomes negative and its numerical value decreases, 

becoming indefinitely small when the numerical value of x 
becomes indefinitely large. 

I; All quantities which lie between' those which are indefi- 

nitely small and those which are indefinitely large are called 
^ finite. ^ • 

If e denotes an indefinitely small quantity, and n is finite, 
the product must- also--ba_ indefinitely. -small. For, if 

n • t = m, and m is finite, £ = the ratio of two finite quanti¬ 
fies. Hence £ would be a quantity whose value can be as¬ 
signed, which is contrary to the hypothesis. 



Since y (x + 5) =.3 is always true if y = —L-, and when xi ! 

cc -j- 5 

becomes indefinitely large, y becomes indefinitely small, it fol-j 
lows that the product of an indefinitely small quantity and aij 
indefinitely large quantity may be finite . 


I he sum of a finite number of indefinitely small quantities 
is indefinitely small. For if c is the largest of the n indefi¬ 
nitely small quantities c„ c 2 , c 3 , c* Cfl , their sum 


c i c 2 *4" c 3 -f- c 4 -f- • • • -|- c n 

cannot be greater than n • £ , which is indefinitely small when 
n is finite. 

\ Art. 3. — Limits 

If one quantity continually approaches a second quantity in 
such a manner that the difference between the two becomes 
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indefinitely small, the second quantity is called the limit of 
the first. 0 


For example, if y = 5 + - when x becomes indefinitely large, 

9 / 

- becomes indefinitely small, and by the definition 5 is the 

X 

limit of y. 




The limit of a quantity which becomes indefinitely small is 


zero. 


The limit of a quantity which becomes indefinitely large is 
called infinity, and is denoted by the symbol oo. 

This conception of a limit is used in elementary geometry 
when the circumference of a circle is proved to be the limit of 
the perimeter of the inscribed regular polygon when the num¬ 
ber of sides becomes indefinitely large ; when the area of a 
circle is proved to be the limit of the area of the inscribed 
regular polygon when the number of sides becomes indefinitely*^ 
large; when the volume of a triangular pyramid is proved to 
be the limit of the sum of the volumes of inscribed triangular 
prisms of equal altitude and with bases parallel to the base 
of the pyramid when the number of prisms becomes indefi¬ 
nitely large. 

In elementary algebra, the sum of n terms of the geometric 
progression a, a • r, a«r*, a-r 3 , a • r 4 , ••• is proved to be 


r 


$n = 


a — a • r 


«n 


a 


a • r 


,n 


1 — r 


1 — r 1 — r 


If r is numerically less than unity and a is finite, a ’ ^ be- 

1 — r 

comes indefinitely small when n becomes indefinitely large 


Hence when n becomes indefinitely large, the limit of s n i 
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rv 

.4 


► \ 


N 


si 

\ 

rv 

v 

\ 

N»- 


If r is positive, the successive values of s„ as n increases all 
lie on the same side of the limit; if r is negative, the succes¬ 
sive values of s„ oscillate from one side of the limit to the 
pther. For example, the limit of the sum of an indefinitely 
^ arge number of terms of the geometric progression 1, — ^ ^ 

i(T> TJ* ct» ttt) + ••*, is |. The first 

ten successive approximations are s, = 1 , s 2 = 1 = s s = s 

I * = ii. *= !■', = |f, s 8 = WV. s 9 = tfo s 10 L III 4 T he 

approximation s„ is larger than the limit when n is odd 
f smaller than the limit when ?i is even. 





t. 



^ y ~ x _i’ y llas a determinate value for every value of 

*, except for *=1. When x = l, y takes the indeterminate 

form -, which may have any value whatever. The true value' 

of y when * = 1 is defined as the limit of the values of y cor- ' 
responding to values of * whose limit is 1. For example, * 

when * = 1.1, 1.01, 1.001, 1.0001, 1.00001, 1.000001, ..., 
y = 2.1, 2.01, 2.001, 2.0001, 2.00001, 2.000001, 


• • • 




Hence 2 is the true value o t , when a -1, and tor all values 
of x, including x = 1, y — & — 1 

X — 1 



Art. 4. - Corresponding Differences of Function 

and Variable 

H y = *■, when -4, - 3 , _ 2 , ^ 2 _ 3> 4 _ 

y= 16, 9, 4, 1, 0, 1, 4, 9, 16. 

Starting from * = 0, a difference of +1 in vhe value of or 

causes a drfference of +1 in the value of y; starting from 
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a; = 4-1, a difference of -f 1 in the value of x causes a differ¬ 
ence of 4- 3 in the value of y; starting from x = — 3, a dif¬ 
ference of 4 -1 in the value of x causes a difference of — 5 in 
the value of y. Observe that the same change in the value of 
the variable in different parts of the function causes different 
changes in the value of the function. 

In general, if y = x 2 , and starting from any value of x the 
corresponding differences of y and a; are denoted by A y and 
Ax, so that x 4- Ax and y 4- Ay must satisfy the equation 
y = a 2 , by subtracting the equations y 4- Ay = (x 4- Ax) 2 and 
y = x>, there results Ay = 2 x • Ax 4- (Ax) 2 . The difference in 
the value of y corresponding to a difference of Ax in the value 

■ 

of x is seen to depend on x and on Ax. 


Art. 5. — Classification of Functions 



A function is called algebraic if the relation between func¬ 
tion and variable can be expressed by means of a finite number 
of the fundamental operations of algebra, addition, subtrac¬ 
tion, multiplication, division, and involution and evolution 
constant indices. 

or example, y = x 3 — 7x-j-7 explicitly defines y as an 
integral, rational, one-valued, algebraic function of x. The 
equation x 2 4- y 2 = 9 implicitly defines y as a two-valued alge¬ 
braic function of x. The relation y = defines m as a 

14 -®* W 

fractional, irrational, one-valued function of x. 

All functions algebraic are called tra nsce ndental. The 
expression of transcendental functions by means of the funda¬ 
mental operations of algebra is possible only in the form of 
iithe sum of an indefinitely large number of terms, or in the 
' form of the product of an indefinitely large number of factors. 
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The elementary transcendental functions are: 

The exponential function y = a* and its inverse the loga¬ 
rithmic function # = log a y. 

The trigonometric or circular functions y= sin#, y = tan#, 
y = sec#, together with their complementary functions; and 
the inverse functions # = sin -1 y, # = tan -1 y, x — sec ~ l y. 

In general, the fact that y is an explicit function of #, with¬ 
out specifying the nature of the function, is denoted by writing 
y =/(#), or y = F(x), or y = <£(#); the fact that y is an im¬ 
plicit function of # is denoted by writing /Y#\ ?/) = 0, or 
Fix, y) = 0, or <£ (#, y) = 0. 


PROBLEMS 


1. Determine the values of the function y = 3#2—5 cor 
responding to # = 0, 1, 2, 3, 4, 5. 


2. Find the true value of y = ——- when # = 2. 






x 


! 




3. Find the true value of y = 


x*-l 
x — 1 


when x = 1. .. 1 



Starting from # = 3, calculate the difference in y cor¬ 
responding to a difference of 2 in the value of # if 


r 




2/= — 5 #-f 12. 

5. Parting from # = 2, calculate the difference in y corre¬ 
sponding to a difference of —2 in the value of # if y = 7 # — 3 #1 

6. Find the limit of the sum of an indefinitely large num¬ 
ber of terms of the series 1 + i. ^ ^ ^-. 

7. Find the limit of the sum of an indefinitely large num- 
' ber of terms of the sei ' ies & + tU + Tuirtr + nrhru +'-• 


/ 


8 * IiIEEERENTIAL AND INTEGRAL CALCULUS 

v 8. Show that any difference in the abscissa of the straight 
line whose equation is y = mx + n causes a difference m times 
as large in the ordinate. 

' 9 . Show that the ordinate of the straight line whose equa¬ 
tion is y — 2/0 = wi (x — x 0 ) changes m times as fast as the 
abscissa. 

10. If y = 3a? — 7x, determine the change A y in the value 
of y corresponding to a change of Ax in the value of x . 

11. Compare the values of A y corresponding to Ax=l, 
starting from x = 0, 1, 2, 3, if y = x? — 3a; -f 10. 

12. If y = ax 2 + bx -f c, where a, b, and c are constants and 

when x = x 0 , y = y 0 , determine the change A y in the value of y 
corresponding to a change of Ax in the value of x, starting 
from x = x 0 . ^ 






CHAPTER II 


THE LIMIT OF THE BATIO AND THE LIMIT OF THE SUM 

Akt. 6. — Direction of a Curve 

Let (# 0 , y 0 ) be any point of the curve whose equation is 
y = or 2 . Let (x 0 + Ax , y Q -f Ay) be any other point of the curve, 
Ax and Ay representing corresponding differences in abscissa 

and ordinate. The ratio g is the slope of the secant line 

through (a*,, y 0 ) and (a? 0 + Ax, y 0 + Ay), that is, the tangent of 
the angle of inclination of the 

secant to the A-axis. The equa- \ V / 

tion of the secant is \ \ / / 


y—yo = ~(x — x ll ). 

Qir 




This is true whatever may be \ A1> 

the magnitude of the corre- V _ x 

sponding differences Ax and // 

Ay. ' j 

Now the tangent to a curve 
is defined as the limiting posi- F, °' 1- 

tion of the secant whose two points of intersection are 

made to continually approach each other. If the point 

(x„ + Ax, j/ 0 + A y) continually approaches the point (x 0 , y 0 ), the 

limit of Ax is zero, and the corresponding limit of the ratio ^ 

Aa; 


F10.1. 
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is the slope of the tangent to the curve at (x 0 , y () ). This limit 

of the ratio is to be determined. 

By hypothesis, y 0 + Ay = (x 0 4- Ax*) - , y 0 = x 0 2 ; whence 

A y _ (x u 4 - Ax) 2 — x 0 2 
Ax Ax 

The limit of this ratio, when the limit of Ax is zero, cannot 
be found by placing Ax = 0 in this value of the ratio. For 

this makes the ratio take the indeterminate form as it ought 

to, for the two points are made coincident, and through one 
point an infinite number of straight lines may be drawn. By 
performing the operations indicated in the numerator of the 

value of the ratio — and then dividing out the factor Ax com- 

Ax 

mon to numerator and denominator, there results 


A y 
Ax 


= 2 x 0 4- Ax 0 . 


If now Ax becomes indefinitely small, that is, if the limit of 

Ax is zero, the limit of the ratio is 2 x 0 . 

Ax 

Denoting by a the angle of inclination to the X-axis of the 
tangent to y = x? at (x 0 , y 0 ), tana = 2x 0 and the equation of 
the tangent is y — y 0 = 2x 0 (x — x 0 ). At the point (2,4), 
tan a = 4 and a — 75° 58'. The tangent makes an angle of 45° 
with the X-axis if 2 x 0 = tan 45° = 1. Solving the equations 
2 x 0 = 1 and y 0 = x 0 2 , the point of tangency is found to be 

x 0 = i, 2/o = i- 

If the curve whose equation is y = x 2 is generated by the 
continuous motion of a point, when the generating point passes 
the point (x 0 , y 0 ) the curve it tends at that instant to move 
along the tangent y — y 0 = 2x 0 (x — x 0 ) at the point (x 0 , y 0 ). 
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I Hence the direction of the tangent to the curve at any point 

is called the direction of the curve at that point. 

If a point moves along the straight line y-y 0 = 2x 0 (x — x 0 ), 

the ordinate changes 2x 0 times as fast as the abscissa. When 

2x 0 is positive, the ordinate is an increasing function of the 

abscissa; when 2x 0 is negative, the ordinate is a decreasing 

function of the abscissa; when 2x 0 = 0, the line is parallel 

to the X-axis and a change in the abscissa causes no change 
in the ordinate. 

Hence, when the point generating the curve y = x? passes 

the point (x 0 , y 0 ), the ordinate of the curve is at that instant 

changing value 2x 0 times as fast as the abscissa changes. At 

the point (£, i) ordinate and abscissa are changing value at 

the same rate ; at the point (2, 4) the ordinate is increasing 4 

times as fast as the abscissa increases; at the point (—2,4) 

the ordinate decreases 4 times as fast as the abscissa increases. 

By precisely the same analysis it is proved that the slope of 

the tangent to the curve whose equation is y=f(x) at any point 

(x, y) of the curve is tan ct = limit ^ — limit 
, Ax Ax 9 

when the limit of Ax is zero, and that the limit of this ratio 

measures the rate of change of ordinate and abscissa at (x, ?/). 

It is essential to remember that in the calculation of this 

limit Ax must start from some finite value and then be made 
to approach the limit zero* 

PROBLEMS 

1. Find the slope of the tangent to y = x 3 — 3x at x = 5. 

2. Find the direction in which the point generating the 
giaph of y = 3X 2 x tends to move, when x = 1. 

— . tail £ en J 1 P ro ^ ein prepared the way for the invention of the 

Differential Calculus, in the seventeenth century. 
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3. Find the rate of change of ordinate and abscissa of 
y = 3x 2 — x at x = l. 

4. Find at what point of the curve whose equation is 
y = 4 x 2 the tangent makes with the X-axis an angle of 45°. 

5. Find the equation of the tangent to y = 2x 2 — 5x at 
x = 3. 

6. Find where the ordinate of y = 3x — 4x 2 decreases 5 
times as fast as x increases. \ 


Art. 7.—Velocity 

Suppose a locomotive to start at station A, to pass station B 
distant s 0 miles from A after t 0 hours, and station C distant 
s miles from A after t hours. The average velocity per hour 



Fig. 2. 


from B to (7, that is, the uniform number of miles per hour 
the locomotive must run from B to C to cover the distance 

s — s 0 miles in t t 0 hours, is -^. Calling the difference of 

t Iq 

distance As and the difference of time A t, the average velocity 

is tr The equal ratioa determilie the average 

velocity of the locomotive during the interval of time 
— whatever may be the magnitude of this interval 
of time. 

Now if station C is taken nearer and nearer station B, the 
interval of time A t becomes indefinitely small and has zero 
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for limit. The average velocity from B to C continually 
approaches the actual velocity at B, since the interval of time 
during which a change of velocity might take place continu¬ 
ally decreases. Hence the limit of the ratio — when the 

. A t 

limit of A t is zero is the actual velocity of the locomotive 


at B. 

This analysis shows that if the relation between distance s 
and time t of the motion of a body is expressed by the equa¬ 
tion s =f(t), and the velocity at any time t is denoted by v, 

v = limit ^0 —Z© w ben the limit of At is zero. 

At 


For example, in the case of a freely falling body, starting 
from rest, s = 16.08 1 2 , where s is distance measured in feet, 
and t is time measured in seconds. Here 


v = limit 16.08(* + AQ»-16.08 

At 

= limit 16.08 (2 1 +At) = 32.16 1, 

when the limit of At is zero. Hence the velocity at the end of 
the third second is 96.48 feet per second. 

Velocity is seen to be the rate of change of distance per 
unit of time. 


PROBLEMS 

1. If s = \gt 2 , where g is a constant, determine the velocity 
at time t. 

2. If s = 10 £ 4-16.08 1 2 , calculate the velocity at time t. 

3. If s = ut —^ gt 2 , where u and g are constants, determine 
|i the velocity at time t. 

4. If s = ut -f \gt 2 y where u and g are constants, determine 
the velocity at time t. 
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con- 


Art. 8. — Rate of Change 

In the function y = x? — 5x let x 0 , y 0 and x 0 -f Ax, y 0 -f Ay 
be two sets of corresponding values of variable and function. 
That is, starting from x 0 , y 0 to a change of Ax in the value of 
the variable there corresponds a change of Ay in the value 
of the function. 4 he ratio of the corresponding changes of 

function and variable determines the average rate of change 

of the function throughout the interval Ax ; that is, the uni¬ 
form change of the function for change of the variable by 
unity which in the interval Ax causes a change of Ay in the 

value of the function. This is true for all values of the 
interval Ax. 

Now, if Ax becomes smaller and smaller, the ratio ^ 

/\ rf 

tmually approaches the actual rate of change of the function 
at x 0 , since the interval Ax during which the rate of change 

might vary continually decreases. Hence the actual rate of 
change of the function y = x 2 - 5 x at x 0 , y 0 is 

limit ^ = limit + Ax) - (x,, 2 - 5 x„) 

Ax 

= limit (2xo — 5 + Ax) = 2x 0 — 5, 
when the limit of Ax is zero. 

The function y = x 2 -5x increases 3 times as fast as x 
increases when 2 x 0 - 5 = 3, that is, when x 0 = 4; the function 
decreases 5 times as fast as x increases when 2 x 0 _5 =_5 

that is, when x„ = 0; the function is stationary, that is, it is 
neither increasing nor decreasing, when 2 x —5 = 0 

f(x+\T-fS Sh ° WS that f ° r any Value ° of * limit of 
: - ax When the lunit of Aa: is zero, measures the 
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rate of change of f(x ) for that value of x. If this limit is 
positive, f(x ) is an increasing function of x\ if this limit is 
negative, f(x) is a decreasing function of x\ if this limit 
is zero, f(x) is stationary. 

The calculation of the limit of the ratio /fo+Aa;) — f( x ) 

Ax 

when limit Ax = 0 for all functions f(x) is the fundamental 
problem of the Differential Calculus. 

PROBLEMS 

1. Calculate the rate of change of 4 a; -f- 7. 

2. Find the rate of change of y — ar* -f 3#. 

3. Calculate the rate of change of 3a; —ar* at a; = l. 

4. Find where the function x ?— 2a; increases twice as fast 
as x increases. 

5. Find where the function x? — 2 a; decreases twice as fast 
as x increases. 

6. Find where the function x? - 2a; is stationary. 


Art. 9. — The Limit of the Sum 

Let y=f(x) be the equation of the given curve. . Denote 
by A the area of the surface 
bounded by the curve, the 
X-axis, and the lines x = a, 
x = b. Divide the portion of 
the X-axis from x = a to x=b 
into -any number, say 5, of 
equal parts, and call each part 
Aa;. Constructing rectangles on 
each Ax, as indicated in the 
figure, and denoting by A 1 the 
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sum of the areas of the rectangles, 

A' =/(«) • Ax +/(a + Ax) . Ax A -/(a + 2 Ax) • Ax 

+/(6 — 2 Ax) • Ax 4-/(6 — Ax) • Ax, 

X — b 

which may be written A 1 = 2 /(x) • Ax. Now, as the number 

x = a 

of equal parts into which 6 — a is divided is indefinitely in¬ 
creased, Ax becomes indefinitely small, and A' continually 

x = b 

approaches A. Hence A = limit of 2/(x) • Ax when the limit 

x = a 

of Ax is zero. The calculation of this limit of the sum is one 
of the fundamental problems of the Integral Calculus.* 

In some simple problems 
the limit of the sum may 
be calculated by means of 
the formula for the sum 
of n terms of an arithmetic 
progression 

a 4- (a 4- d) 4- (a 4- 2d) 4- — 
4-(J — 2d) 4- (Z — d) 4- l, 

namely, s = (a + Z)|- 

For example, let it be 
the surface bounded by the 
straight lines y = x 4-2, x = 1, x = 5, and the X-axis. Divid¬ 
ing the distance from x = 1 to x = 5 into n equal parts and 

calling each part Ax, Ax = -, and 

n 

* Historically the calculation of the areas of surfaces bounded by 
curved lines led to the invention of the Integral Calculus. 
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A = limit 2/(x) Ax 


X=1 


= limit 



+( 3 +[«-i]^)}~ 

= limit 1 6 + (n -1) i X ". i = limit 2 (10 - = 20 

i- n) Z n ^ nj 

when n is indefinitely increased. This agrees with the result- 
obtained by elementary geometry. 

S 

Art. 10. — General Theory of Limits 

Let u denote a function of x whose limit is U when the 

limit of x is a. This relation may be denoted by the equation 

= where e must become indefinitely small 

when 8 becomes indefinitely small. 

Limit of the sum. — Suppose that when the limit of x is 

a, limit u, = U u limit u 2 == U 2 , limit u 3 = V 3 . The hypothesis 
is equivalent to 


M l(x=.±J) — U 3 ± Cj, «2(x=a±{) =U 2 ± C 2 , U 3(x=a±s) =U 3 ±t 3 , 

whence («, + u, - « 3 ) (I=o iS) = U 1 + U 2 -U 3 ±c l ± e 3 . Since 

when 8 becomes indefinitely small, c„ fj) t3 each become indefi¬ 
nitely small, ± ± c 2 ^ c 3 for all combinations of signs also 

becomes indefinitely small. Hence when the limit of a; is a, 
limit(«! + u 2 — u 3 ) — Ui + U 2 —U 3 = limit it, + limit m 2 — limit u 3 . 
That is, the limit of the algebraic sum of a finite number of 
quantities is the like algebraic sum of their limits. 

Limit of the product.—If, when the limit of x is a, limit 
«, = £/; and limit v 2 = U 2 , u 1( , =aiS) = V i ± €l and « 

= C4 ± e 2 . By multiplication, 

(tt* • W 2 ) (x=atfi) = Ui • U 2 ± U 2 • Cl ± Ui • c 2 ±C!€ 2 . 


2 (* = «± 6 ) 
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Hence if U x and U 2 are finite, when the limit of x is a, limit 
(wj • u 2 ) = Uy U 2 = limit u x • limit u 2 . That is, the limit of the 
product is the product of the limits. 

Limit of the quotient.—If, when the limit of x is a, limit 
u x = Ui and limit u 2 = U 2 , u X(z=a£S) = U x ±e x , u 2(x = a±6) = U%±e* 
By division, 

f _ U\ d: Cj TJ\ _|_ T7\ dr €1 U\ 

\ U 2/(x = a±6) ^2 i c 2 U 2 U 2 d: e 2 U 2 


~U\ _i_ d: U 2 • €] T X7\ • € 2 
U 2 U 2 (U 2 ± c 2 ) 


H^nce i4/£7i and U*.. are finite, when the limit of x is a, 

limit — = j . ? m P — . That is, the limit of the quotient is 

u 2 U 2 limit u 2 

the quotient *of the limits.* 


Art. 11. — Continuity 

The function y =f(x ) is said to be continuous at x = xj 
the limit of the difference f(x 0 ± Ax) — f (x 0 ) is zero whefi 
limit of Ax is zero. This definition may also be wri 
[/(x 0 + Ax) —/(^o)]A*= i5 = ± c, where e must become ini 
nitely small when 8 becomes indefinitely small. The fune 
is said to be discontinuous at x = Xo if c does not becdm' 
indefinitely small when 8 becomes indefinitely small. 

For example, if the curve in the figure is the graph**o£ 
y =/(x), /(x) is continuous at all points except at x 0 = 1 and 


* Jordan, in his Cours d'analyse , Paris, 1893, perhaps the most com¬ 
plete treatise on the Calculus ever written, says : “Arithmetic and Algebra 
employ four fundamental operations, addition, subtraction, multiplica¬ 
tion, and division. A fifth can be conceived of, consisting in replacing 
a variable quantity by its limit. It is the introduction of this new opera¬ 
tion that characterizes the Calculus.” 
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— — 3. Starting from (1, — 2), /(x) is continuous for in¬ 
creasing values of x ; starting from (1, 2), f(x) is continuous 
for decreasing values of x. Y 

Starting from (1, 2), limit 
[/(1 4- Ax) — /(1)] = — 4 when 
limit Ax = 0. Starting from 

(h - 2 ), 

limit [/(1 - Ax) —/(!)] = +4 


when limit Ax = 0. Starting 
from (— 3, oo ), 

limit [/(- 3 + Ax) -/(- 3)] 
= — 00 



Fig. 5. 

Starting from (-3, - oo), limit 


when limit Ax = 0. 

[f(~ ^ ~ Az) —/(— 3)] = -f oo when limit Ax = 0. 



arting from (1, 2), 


imit /(I-A*)-/(l) = 

— Ax 


tan 60° when limit Ax = 0; 


it /(* + *») -f(D _ 

Ax 


00 when limit Ax = 0. 


arting from (1, — 2), 


llinit ^ + = lan 330° when limit Ax = 0; 


CCliinit HL ~ *«) ~m = __ 

— Ax 


°o when limit Ax = 0. 


Hence it is evident that, at points of discontinuity of /(*), 

the limit of the ratio Z & + A*)-/fa,) when ]imit Aa; = Q 

Aa! 


V1® not mde P en<J ent of the algebraic sign of A®. At points of 

continuity, the limit of this ratio generally is independent 
of the sign of Ax. 
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Example. — Show that log x is a continuous function of 
Here limit [log (x ± Ax) — log x] = limit log 
when limit Ax = 0, except for x = 0. 

PROBLEMS 

Show that the following are continuous functions of x: 

1. 3X 2 —5x-j-2. 2. since. 3. e*. 

i 

Find the points of discontinuity of 

a 3 # 2 



CHAPTER III 


DIFFERENTIATION AND INTEGRATION OF AL GEBRAIC 

FUNCTIONS 


Art. 12. — Differentiation 

The function of a: which is the limit of the ratio 

f(x + Ax) —/(x) 

Ax 

when limit Ax = 0, is called the first derivative of /(x) with 
respect to x, and is denoted by the symbol — /(x), or /'(x). 

If f{x) is denoted by y, the first derivative is denoted by 

dx 

The operation of forming the first derivative, denoted by the 
symbol —, is called differentiation. General rules for the 

differentiation of algebraic functions are to be established. 

I. Let u represent any continuous function of x. Represent 
by A u the change in the value of u corresponding to a change 

of Ax in the value of x. By definition, = limit ^ when 
limit Ax = 0. ^ x 

* The notation £ was invented by Leibnitz (1646-1716). Newton 
"-V (1642-1727) denotes by i, a notation still used in mechanics. La- 

den0teS the filSt derivative of /GO by /(x), Cauchy 
(1789-1857) by Df(x ). 




22 DIFFERENTIAL AND INTEGRAL CALCULUS 


II. Let u = c, where c is a constant, that is, a change in the 
value of x does not cause a change in the value of c. Then 

— = — = limit — = 0 when limit Ax = 0. Conversely, if 
dx dx Ax 


du 

dx 

du 

dx 


~ 0, that is, identically zero, u is independent of x. For 
= 0 means that a change in x causes no change in u. 


Hence u is independent of x. 

III. Let u = x. Then — = — = li m it — = 1 when limit 

dx dx Ax 

Ax = 0. 


IV. Let f(x) = c»u, where c is a constant and u represents 
a continuous function of x. Forming the first derivative, 


A 

dx 


f(x ) = limit 


c « (u -f Am) — c>u 
Ax 


limit c • = c 

Ax 


du 

dx 


when limit Ax = 0. Hence the first derivative of a function 
multiplied by a constant is the constant times the first deriva¬ 
tive of the function. 

Y. Let f(x) = u v — w, where u, v, w represent continuous 
functions of x. Denoting by Au , Av , and Aiv the changes in 
the values of u , v , and w, corresponding to a change Ax in the 
value of x , 

d u ^ u ~h v 4- — w — Aw — (u -f- v — iv) 

dx JK } Ax 


= limit ^ + limit ^ - limit _ *£ 

Ax Ax dx dx dx. 


when limit Ax = 0. That is, the first derivative of the alge¬ 
braic sum of a finite number of functions is the like algebraic 
sum of the first derivatives of the functions. 

If two functions f(x ) and <f> (x) have the same first deriva- 
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tive, their difference/(.r) — <j> (x) is a constant. By hypothesis, 

£/W-|+W = |l/W-*WI = o, 

hence /( x ) — </> (a) = 


VI. Let f(x) = u • v, where u and v represent continuous 
functions of x. 

— fix) = — (u-v) = limit ( w + Au) • (v + Aa) - u ■ v 
dx dx /\x 


= limit (u -f Au) . — + limit v> — = u 

Ax Ax 


dv , du 

■Tx +v 'Tx 


when limit Ax — 0. Hence the first derivative of the product 
of two functions is the first function times the first derivative 
of the second function plus the second function times the first 
derivative of the first function. 

In like manner it is proved that 


A 

dx 


(u*v •w) 


u.v.^i + u 

dx 


w 


dv 

dx 


+ V • w 


du 

dx 


VII. Let f(x) 

of x. 



where u and v are continuous functions 


u + Au u 


d 


dx 


- m = 



when limit Ax = 0. That is, the first derivative of the quo¬ 
tient of two functions is the divisor times the first derivative 
of the dividend minus the dividend times the first derivative 
of the divisor, divided by the square of the divisor. 
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If f(x)= where c is a constant, = 


— c 


dv 


dx 


Hence 


v 


the first derivative of a fraction whose numerator is constant 
and whose denominator is a function of x, is the numerator 
with its sign changed times the first derivative of the denomi¬ 
nator divided by the square of the denominator. 


VIII. Let /(.t) = w n , where u is a continuous function of x , 
and n is any finite, positive integer. 


A f(x) = A u n = limit {u + Aw ) n - u " 

dx dx Ax 


limit j n • w n_1 -f- . w n-2 . Aw -}- ••• 

( [2 


= n • w " -1 - 


+ n-u • (Ait )" -2 + (Am )" -1 | 


) Aw 


Ax 


dx 


when limit Ax = 0. Hence the first derivative of a function 
affected by a finite, positive, integral exponent is the product 
of the exponent, the function with its exponent diminished by 
unity, and the first derivative of the function. 


If f( x ) = v = w*, where r and. s are finite, positive integers, 
v' = u r . Forming the first derivatives of both sides of this 


equation, s»v* 1 • ^ = r • u r 1 Solving for —, there re- 

dx dx & dx 


dv r w r-1 du 


suits ^ = 1 


dx s -v * -1 dx 


r u 
s 


r -1 


w 


du r "i du tt 

w* . —. Hence 
r-t dx s dx 


d 7 r du 
—. w* = - • w* • — ; 

dx s dx 


) 


( 


/ 


i 


■w 
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n 


that is, the first derivative of a function affected by a finite, 
positive, fractional exponent is the product of the exponent, 
the function with its exponent diminished by unity, and the 
first derivative of the function. 

If f(%) = u n , where n is finite and either integral or frac- 

tional, f(x ) = —, and 

u n 


d 

dx 


lf(x)=d-(±\ = 

x JKJ dx\u n ) 


— n-u 


n—1 du 


U 


2 n 


— = — n • u - " - ' • — 

dx 


Hence the first derivative of a continuous function affected 
by an y finite constant exponent is the product of the expo¬ 
nent, the function with its exponent diminished by unity, and 
the first derivative of the function. 

If u = x, ~xr = n- of 1 - 1 . 

dx 

If y is a continuous function of x, x is also a continuous 
function of y. From the equation y =f(x) an equation of 

the form x = f 2 (y ) is obtained. Differentiation gives ^ and 

dx 
dy 


dx 


The relation between these derivatives is to be found. 


w y — • — — 

I he equation ~ ~ = 1 is true for all values of Ax, hence 

limit ^-~ = limit ^. limit^* = ^^ - i 

Ax Ay a ™ a .. - 7 .. y 


Ay dx dy 


when limit Az = 0 and limit A y = 0. There results ^ = i • 

dx dx ’ 

that is, the first derivative of y with respect to a: is the recfp- 
rocal of the first derivative of x with respect to y. 

If y is a continous function of z,y=f ( z ), and z is a contin¬ 
uous function of x,z = /„ (-r), y is also a continuous function of 
*• The derivative is to he calculated. 
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The equation — = — • — is true for all values of Ax. 

Ax A z Ax 


When limit Ax = 0, limit ^ = limit ^ • limit 
dy dy dz 
dx 


Ax 


A z 


Ax 


; that is, 


dz dx 

The rules of this article are sufficient for the differentiation 

of all algebraic functions. 

& 

i / Example I. — Form the first derivative of 


5 z 3 - 7 x? + 12 x — 15. 

A (5 a 8 - 7x i + l2x-15) = 5°Lx*-7lLx 2 + 12—x 

dx dx dx dx 

= 15 x? — 14 x 4-12. 

Example II. — Form the first derivative of (2 
This expression has the form u n whose derivative is 

A U n = n . U n-l.d». , 

dx dx 


-A 15 
dx 


- 5 af)K 


In the problem u = 2 — dx 2 , n = f. Hence 

^(2 - 5ct 2 )^ = f (2 - 5 x 2 )^. A(2 _ 5ar 2 ) = - 15»(2 - 5 

/ , 

• Example III. — Form the first derivative ® of the implicit 
function x? A- y 2 = 9. dx 

Forming the first derivative of both sides of this equation, 


2 x A- 2y~ = 0, whence 'AIL = -'- and — = — K. 

dx dx y dy x 


dy _ 


x 


dx 


v/ Example IV. — If 


z 3 


dz 
dz 


(* 2 +r>* 


and x 2 = z 2 + 1, form 


dy 

ax 


x 


From x 2 = z 2 -h 1, — = -• Hence 

dx z 
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dy _dy dz _ z 3 x_ z-■ x _ (x 2 — l)x » 1 


dx dz dx 


(z 2 + l)t * + l) 1 


X 


i 


X 


A 


1 — x 


i Example Y. — Form the first derivative of ?/= 

(1 + a*)*’ 

Applying the rule for differentiating the quotient of two func¬ 
tions, 


dy = 
dx 


(1 + ‘ s (1 - *) - (! - *) •£(! + a 2 )* 

1 +X- 2 

- (1 + a?)* - «(1 - x) (1 + af)~l 

1 + ar 1 


1 — x 1 — X -f- X? 1 x 

(1 + ®*)! ( 1+® 2 ) 1 


PROBLEMS 




> 


Form the first derivative of, 


1. 3a + 5. 

2 . 2a* + 7x+3, 


3. 3a^ — 8. 


6 . 


7. 


1 — a,* 2 

1 4-ar 2 


1 — ar 2 


4. 


5. 


1 4- a?. 

1 4- x 
1 — x 


8. (1 

9. (1 


x)\ 


10. (1 — a;) -2 . 

11. (l-s 2 )*. 


12. (3 + 5®)”*. 


13. 


x 


\ 


14. 


1 4- * 

(5x — 7 x?)$. 

15. (l-z + ar 1 )*. 

16. (a 4 - bx n ) m . 


m 


17. (a + faf)". 


18. Form the first derivatives of -—— and ^ and 
find the difference of the functions 1 + ^ . 1 4- s 2 ’ 


28 DIFFERENTIAL AND INTEGRAL CALCULUS 


III the following equations y is an implicit function of x. 
Form 

ax 



21. y 2 — 2px = 0. 


22. y — x = 0. 23. x* — o xy + if = 0. 

Determine the rate of change of function and variable of 

24. f{x) = 2x — x 2 . 26. / (x) = (1 — x 2 )^ at x = 

25. f(x) = X — - 27. fix ) = (4 — a?ft at x =2. 

-L — X 

28. Find at what point of the circle x 2 + y 2 = 9 the ordinate 
increases twice as fast as the abscissa. 

/ 29. Discuss the rate of change of ordinate and abscissa of 

— -f- — = 1 for different points of the ellipse. 
a 2 b 2 

The rate of change of ordinate and abscissa is measured by 

^ = — — • When x and y have like signs the ordinate is a 
dx a 2 y . 

decreasing function of x ; when x and y have unlike signs the 
ordinate is an increasing function of x ; when x = 0, the ordi- 
nate is not changing value ; when y = 0, the ordinate changes 
infinitely more rapidly than the abscissa. These results agree 
with the results obtained by examining the ellipse. 

30. Determine the rate of change of area and side of an 

_/q 

equilateral triangle. Area = —— x 2 , x being a side. 

31. * Find the rate of change of area and radius of a circle 
when the radius is 10. 

32. A man walks on level ground towards a tower 80 feet 
high. When 60 feet from the foot of the tower find the rela¬ 
tive rate of approaching the top and foot of the tower. 
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Calling the man’s distance from the top of the tower y , his 
distance from the foot of the tower x, y 2 = x? -f- 6400. 

Find the slopes of the tangents to the following curves at 
the point (x, y) of the curve: 

33. y = 4: x?. 34. y = 6x — x?. 35. — — ^ = 1. 

a 2 b 2 

36. Find the slope of the tangent to y = 8x — x? at x = l. 

37 . Find where the point generating the circle x? -f- y 2 = 4 

tends to move parallel to the X-axis. Where parallel to the 
X-axis. 


Determine the velocity at time t supposing the relation 
between s the distance and t the time to be expressed by the 
following equations, where a and u are constants: 


38. s — \oX 2 . 39. s — ut -f- ^ at 2 , 40. s = ut — ^aX 2 , 


41. If ^ = z ! (l + z )i and 1 + z = as* find 

dz ' dx 

42- If g = -=L= and l + z = x>, find 

az v 1 -f z dx 


Art. 13. — Integration 

The difference between two functions which have the same 
first derivative is constant. Hence, if the first derivative of a 
function is known, the function itself is known, except for an 
additive arbitrary constant. The process of obtaining a func¬ 
tion/(a?) from its first derivative ~f{x) is called integration, 

and is denoted by the symbol^. The operations denoted by 
S the symbols — and j" neutralize each other; that is, 

( 
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where C is an arbitrary constant. Hence the rules of integra¬ 
tion are at once inferred from the rules of differentiation. 
The result of integration is called an integral, and the integral 
is correct if the derivative of the integral is the expression 
which was integrated. 

The rules of algebraic integration, obtained from the rules 
of algebraic differentiation of Art. 12, are expressed by the 
formulas: 


. C ( ^ = u+G. 
J dx 

fo = a 


III. j'l=x+C. 

IV. Ca ■ — = a - u +C- 
J dx 


V. 



du + dv_dw ] = u + v _ w+c 
dx dx dx 


■f 


u 


J 


£ 


VI. 


\ 

cX 


/(“• 


dv 

dx 


+ 


v • —= u • v + (7. 
dxl — 


YII 


•/ 


du dv 

V -- u •- 

dx dx u . n 

-5--TV. 

u 2 V 


/{ 


CS 


VIII. !«"•$ = 


comes 


absurd. 


s 

f 


u 


n+l 


af» = 


dx n + l 

x n+\ 


• + C. When u = x y this formula- be- 


n +1 


+ (7. When n = — 1, this result is 


The rule of formula VIII. may be stated, the integral of any 
function affected by an exponent other than — 1, multiplied 
by the first derivative of the function, is the function with its 
exponent increased by unity divided by the increased expo¬ 
nent, plus an arbitrary constant. 


V <K 
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Since J-a • — — a • u + C and ■ = a* u -\-C, a constant 

factor may be shifted from one side of the sign of integration 
to the other, without affecting the result. 

By formula V. the integral of the algebraic sum of a finite 

number of functions is the like algebraic sum of the integrals 
of the functions. 


Example I.—Find the function of x whose first derivative 
is 4x 2 — 5x. Denoting the function by f(x), — f(x) = 4a,* 2 — 5x 

and f(x) =J(4x* - 5x) = 4 JV - 5 fx = - f x 2 + C, where 

the aibitiary constant C is called the constant of integration. 
This integral is called the indefinite integral. If f(x) is re¬ 
quired to have a given value for a given value of x, for 
example, if /(a:) = 10 when x=l, the value of C is found 
from the equation f(x) = jx>- f x 2 + C to be Ilf Hence 
under the given conditions /(x) = f x 3 - Ilf This re- 
suit is called the corrected integral. 

Example II. — Find the function of x whose first derivative 
is a;(l -f x 2 )*. Denoting the integral by /(x), 



This integration can be performed by means of the formula 

/ du 

U * dx = n -h 1 + G x (* + can be separated into factors 

of the form and Placing w = 1 + x 2 , ^ = 2 Hence 
7 *' ax 




i * * 

a * 
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Example III. — If = 10 (x - 2) (x 2 

ax 


— 4 a;) - *, find y. 


Placing u = 


a? — 4x, ^ = 2x-4, 

dx 


and 


= 10j ~(x — 2) (a^ — 4 a;) * 

= 5 f(^-4a;)-i-f (^-4*) 

4/ (XX 


= 10 (a,* 2 — 4 a;)* + C7. 


Example IV. — Determine the equation of a curve such that 
the slope of the tangent to the curve at any point ( x , y) is the 
negative ratio of the abscissa to the ordinate. 

The Condition of the problem is expressed by the equation 

^ , whence y c ^- = — x. Integrating, \y 2 = — + O or 

dx y dx a 

x 2 -|- y 2 = 2 C. This equation represents any circle with center 

at the origin of coordinates. If the circle is required to con¬ 
tain the point (3, 4), the value of 2 C must be 25, and the 
problem has the determinate solution x 2 y 2 = 25. 


PROBLEMS 

Find the/(a) whose first derivative is, 

1. 2 + x, knowing that f(x) = 7 when x= 2. 

2. 3 — 5 ar 2 , knowing that f(x) = 20 when x = 5. 

3 . 1 + a; + ar 2 + a 3 ? knowing that f(x) = 12 when x = 1. 

4. x * 5. 3af*. 6 . a;* 4- 5. 7. 2a;* — a& 

8. (1 — a;) (2 + ar 2 ). Multiply out and integrate term by 
term. 

9. (3 x — 5) (2 x — Sar 2 ). 12. (2a; -f 3) (a^-f 3a;)*. 

10. (1 -f- ar 2 ) (3ar 2 -f 2). 13. (3ar 2 — 104) (a^ — 5ar 2 )*. 

11. (4 a; — 5) (2 ar 2 — 5a;)*. 14. (2a; + 5)(a^ + 5a; - 7)*. 
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15. (l + 9x)i 17. 15 (3 x 2 — 8 x) (3 x 3 — 12 x 2 )*. 

16. (a + 6x)i 18. (x 2 + 3 x — 5) (2 x 3 + 9 x 2 — 30 x)\ 


Find, the equation y =f(x) of a curve such that the slope 
of the tangent at any point (a, y ) is, 


19. 3 x -7. 

2 x -f 5, the curve passing through (5, 0). 
21. a 2 -f 5 a, the curve passing through (0, 0). 

^ /jj 

(22y - 2 *-, the curve passing through (a, 0). 

v 



23. For the cable of a suspension bridge with load uni¬ 


formly distributed over the 
horizontal, ^ . a, where w 

dx t 0 

is the uniform load per hori¬ 
zontal linear unit and t 0 is the 
tension at the lowest point. 
Find equation of curve assumed 
by cable. 



Fio. 6. 


24. Find the function of a whose rate of change is 2 a — 5. 

Find the relation between s and £, knowing that s = 0 when 
t = 0, and that the velocity is, 


25. u + at.. 

26. u — at. 

Find the relation between a and 

y , knowing that, 

27. ^ = 
dx y 

_ 1 — 3 a + 5 a 2 
tfa 2/ — 4 y 3 

28. dy_ 1 + * 

dx 1 — y 

% 

II 

>.l H 

"el's 

« • 

CO 

29. d y- x . 

dx 1 + 

32. = 

dx y 


D 
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Find the values of the following integrals: 

. f—g-r 34. f » 

%/ -v/1 — or* J 


33 


35 


(1 - x 2 )* 




36 


• jm' 


37 


• f— 5 —r 

J (2 ax- x 2 )* 

o 

Multiplying numerator and denominator by (ar 2 )* = ar 3 , 
the problem becomes 

_ 3 d 


f_^-= - i- f(2 ax- 1 - l)"i — (2 ax- 1 - 1) 

*1(2 ax” 1 -!)* 2a *l 


= 1 (2 ax- 1 - l)-i + (7 = 

a 


x 


aV2 ax — a; 2 


“H Ci 


38. f* V2 qx — x 2 . 39 . r-1- . 40. f 

4/ /jj 3 t/ //*2 1 _ A»2\f 


a 


(a 2 -j- ar 2 )* 


Vl + a 


dy 


Calling the integral y, the problem is, given to find y. 

013/ 

By the substitution 1 a; = z 2 , 

dy __dy dx_ x 2 „ _ 2z(z* - 1) _ ? _ 9 

dz dx dz Vl + a? 25 

2 

By integration y = -z? — 2z+C, 


hence 


y = |(l + »)i-2(l + a;)i + C. 


41 


. Jx 2 (1 + x)i. 


42 




a* 


+ 1 )* 


Art. 14. — Definite Integrals 


d 


If *•(*) =/(»), f/(x) = F(x) + a. If *•(*) + G is 

dx J 

evaluated for x =j 6 and a; = a and the second result subtracted 
from the first, the final result F(b ) — .F(a) is called the defi- 
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nite integral of f(x) between the limits x = a and x = b. This 
operation is denoted by writing 

+ CT~ S = F(b) - F(a), 

Jx = a 

where a is called the lower limit and b the upper limit of the 
definite integral. 

From this definition it follows that 



£m=-j i a f ( x) > 

and also that, if b — a = (b — c) -f (c — a), 

J>> ~S.' m +j>>- 


Example. — Find the value of the definite integral 

J^ 5 (3 x 2 — 5 a; + 7). 

] z = 5 

.=,- 72 ' 


f i \3x‘-5x + 7) = \^-tx‘ + 7x + 


PROBLEMS 


Calculate the definite integrals, 

1. JV-S). 

2y f( 2 a? + 4 x - 6). 

X +l 

^ 4 ' XV+ «) d - *0- 

5. fa-**. 


6. f*x (4-*•)*. 

7. 

8. J" a; (a 2 — ar 2 )^ 

»■ jy 
10 . 
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11 . frfVl + a, Write — = a^VT 4 - a; and determine 
•/o . _ 7 


du 


when 1 4 - x = z 2 . 


There results — = — . — = 2 « 2 ( 2 2 

dz da; dz 


dz 

i) 2 - 


Since z = 1 when a; = 0, and z = 2 when x = 3, 


u 


V 1 + a =J^2 2 2 (z 2 - l) 2 = 20.1. 


12. If s is the distance in feet and t the time in seconds of 

a body’s motion, find the distance the body moves from the 

end of the third to the end of the fifth second, knowing that 
ds 


dt 


= 32.16 1. 


V - ** 


v.? 


— 


>• 


Art. 15. — Evaluation of the Limit of the Sum 


x = b 


x = b 


The value of S = limit 2 f(x) • Ax when limit Ax = 0, where 


x = a 


2 f (x) . Ax stands for 


x = a 


/(a) • Ax-f /(a-f-Ax) . Ax 4-b/(6 —2 Ax) . Ax 4- f(b - Ax) . Ax, 


is to be determined. Suppose F(x) to represent a continuous func¬ 
tion of x whose first derivative is /(x), that is, —F(x) =/(x). 

This means that + A ^) ~ F ( x ) =f(x) ± c, where c be- 

comes indefinitely small when Ax becomes indefinitely small. 
From the last equation, /(x) . Ax = F(x 4- Ax) — F(x) ± c • Ax. 
Whence by substituting for x successively a, a 4- Ax, a 4- 2 Ax, 
• • •, 6 — 2 Ax, 6 — Ax, 


f(a ) • Ax 

f(a 4- Ax) • Ax = 

((a 4- 2 Ax) • Ax 


= F(a 4- Ax) - 
F(a 4- 2 Ax) - 
= F(a 4- 3 Ax) 


F(a) ± €j • Ax, 

F(a 4- Ax) ± c 2 • Ax, 

- F(a 4- 2 Ax) ± c 3 • Ax, 


7* 


/(6 - 2 Ax). Ax = F(6 - Ax) - F(b - 2 Ax) ± . Ax, 

/(6 - Ax) • Ax = F(b) - i^(6 - Ax) ± c n . Ax. 


> 
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By addition, 2/(x) • Ax- = F(b) - F(a) ± 2 c. Ax. Since F(x) 
is continuous, each £ becomes indefinitely small when Ax- be 
comes indefinitely small. Denoting by E the numerically 
largest £ , 2oAx <E^x = E(b-a), which becomes indefi¬ 
nitely small when E becomes indefinitely small, since b — a is 
supposed to be finite. Hence 

z = 6 

S = limit J/(x) • Ax = F(b) - F(a), 

when limit Ax = 0. But f(&) - F (a) is the value of the defi¬ 
nite integral j f (x), for by hypothesis ±F(x)=f(x). Hence, 

finally, if |^)=/(x), *= limit 2/(x) Ax = C f (,) when 
limit Ax =0. I=a 

If the summation limits are a and x, the result obtained 

becomes S = £ /(x) = F(x) - F(a). Forming the derivative 

of *’I 


Art. 16. Infinitesimals and Differentials 

^litesimal 7 WhiCh beC ° meS indefimtel y sma11 is called an 



If several infinitesimals occur in the same problem, any one 

may be chosen as the principal infinitesimal. Denote the 
principal infinitesimal by «. 

Infinitesimals whose ratio to a is finite are said to be of 
tne nrst order. 

An infinitesimal f} whose ratio to the nth power of « is 

t“* “ Said * ^. of the m'der. If * is positive and 
t,Iaiger than unity, fi is sa id to be of a higher order than «. 

Denoting the finite ratio of p to «» by r 1 

’ a" a'a n -'~ r> 
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whence £ = r-a n_1 , an infinitesimal, and ^ = —-—-, an inde.fi- 

a P r-a n ~ 1 

nitely large quantity. Hence, if f3 is an infinitesimal of a 
higher order^thtm*«, p = z-a?\v here e is an infinitesimal. 

The laws governing the use of infinitesimals are contained 
in the following two propositions. 

I. In the limit of the ratio of infinitesimals any infinitesimal 
may be replaced \)y another infinitesimal differing from it by 
infinitesimals of higher orders. ' 

J ; Let a and (3 represent any two infinitesimals, and consider 

4 I 

the ratio 

A • a 4- B • a 2 -f- C • a 3 4- D • a* -f- 


j 

1 


• • • 


r = 


A l -P + B l -P+C l -fP + A-j8 4 + 


_ a A + B • a + C • a 2 4- D • <* 3 4- • 

/3 -f- Bi • p C\ • + Di • /3 3 -j- 


• • • 


where the coefficients B , (7, D, ••• and .Bj, Ci, Z>i, ••• are finite. ^ 


j 


Let 3/ be the numerically largest of the coefficients B , C, D , 
3/i the numerically largest of the coefficients Ci, X> 2 , 

Then B • a 4-^7 • a 2 + D • a 3 -f •••> 3/(a -fi a 2 4- a 3 4- •••) =3f a 


• • • 


• • • 


1 — a 


an infinitesimal, and 


B x • P 4- Ci • p 2 4* L)i• /2 s ^ 3/j (/? 4- /? 2 + /3 s 4- •••) — 3fj 


0 




another infinitesimal. Hence in the limit 


_a A 4- B • «-f- (7 • a 2 4- D • a 3 4- • • • 

ft Ai 4- Bi • p 4" Ci • p 2 4" Di • ft* 4* ••• 


Act 


Aip 


II. In the limit of the sum of infinitesimals, provided this 
limit is finite, any infinitesimal may be replaced by another 
differing from it by an infinitesimal of a higher order. 

Suppose limit (a x 4- ct 2 4- «g 4- •••) = c, a finite quantity, and 
let pi — ct\ 4" £ i * a u P ‘2 = u 2 4- *2 * a 2 ) Pa = a a 4" ,M ; where 


iV 
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e 2 > e 3 > &re infinitesimals of which e is the numerically 
largest. Adding n fj 

(A + A + A + •••) i /^/ ^ 'if* r ‘ 

= («i + «2 + «3 + •••) + («i • «i -f c 2 . a 2 + c 3 . « 3 -f ^ 


Now cj • aj + c 2 • cto + c 3 • ag + ... > c (oj -f a 2 + Oj 4 -) = c • c, an 

infinitesimal. Hence in the limit , , / J 


“2 + «3 "t* 



7, 


iMa. 


vided c • c is an infinitesimal. 



If the limit of the ratio of two infinitesimals is unity, the 
infinitesimals can differ only by infinitesimals of higher orders. 

For if limit £ = 1, £ = 1 ± « and p = « ± e . «, where c is an 


infinitesimal. Hence the rules governing the use of infinitesi¬ 
mals may be stated, in the limit of the ratio and in the limit 
of the sum any infinitesimal may be replaced by another 

infinitesimal, provided the limit of the ratio of the two infini- 
tesimals is unity. 

Since infinitesimals of higher orders disappear from the 

limit of the ratio and from the limit of the sum, the solution 

of problems involving the limit of the ratio or the limit of the 

sum may be simplified by dropping infinitesimals of higher 
orders at the start. 


V - /(«) is a continuous function of x whose first deriva- 
five is f'x, = /' (x) -f £ , whence Ay = fx . Ax + £ . Ax, where 

Ay is the difference in the value of the function corresponding 
to a difference of Ax in the value of the variable, and c be¬ 
comes an infinitesimal when Ax becomes an infinitesimal. 
When the difference Ax becomes an infinitesimal it is denoted 
by dXj which is read differential x. The change in the value 
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of y corresponding to dx is f (x) • dx 4- 6 • dx. Defining dy, 
read differential y, by the equation dy = f (x) • dx, dy differs 
from the change in the value of y corresponding to a change 
of dx in the value of x by € • dx, an infinitesimal of a higher 
order than dx. Hence in problems involving the limit of the 
ratio or the limit of the sum the actual change in y may be 
replaced by dy = /' (x) • dx. 

The first derivative of a function is therefore the factor by 
which the differential of the variable must be multiplied to 
obtain the corresponding differential of the function. This 
explains why the first derivative of a function is frequently 
called the differential coefficient of the function. 

The operation of finding the differential of a function corre¬ 
sponding to the differential of the variable is called differentia¬ 
tion. It will be observed that differentiation as here defined 
is performed by the rules established for differentiation as 
defined in Art. 12. 

For example, if y = a* 3 — 7 ar 2 -|- 15 a; + 10, 
dy = -£ c (x , -7x 2 + 1 5x + 10)clx = (3x 2 -14x + 15) dx. 

If F(x) is a continuous function of x whose first derivative 
is f(x), AF(x) = F(x -f- Aa) — F(x) =f(x) -Ax + c- Ax, where 
A F(x) and e become infinitesimals when A# becomes an infini¬ 
tesimal. The sum of the elements AF (x) of F(x) from x = a 

x = x 

to x = x is F(x) — F (a) = 2 [/(a;) . Az + e . A*], and the sum 

x = a 

of the elements Ax of x from x = a to x = x is x — a. This 
is true for all magnitudes of Ax. When the element A# 
becomes the infinitesimal element dx, 

F(x) - F(a) = X T[/(x) . dx + e . dxl. 

x = a 
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Supposing x — a to be finite, in the limit 

F(x) — F(a) = • dx, 

z = a 

since e • dx is an infinitesimal of a higher order than dx. 
Calling the operation of finding the limit of the sum integra- 

tion and denoting it by the symbol J, and indicating that the 

sum is to extend from a = a to a = a; by writing i \ the result 

X 2 / 

fix) ■ dx = F(x) - F(a). Now 
F(x) - F{a) was found in Art. 14 to be the value of the defi¬ 
nite integral /(a), provided ~F(x) = /(a). 

In general, if y =/(x) and g =/' (x), in the notation of 

differentials dy = /' (x) - dx and y = j"f ( x ) ■ dx = f(x) + C. 

Differentiation and integration as defined in this article are 
again inverse operations. 

It will be observed that integration as here defined is per- 

foimed by the rules established for integration in Art. 13. 
For example, if 

dy = (3 x? - 5 x -f-10) dx, y = a 3 - f a* + 10x + (7; 
the sum of the elements of y from x = 0 to x = x is 

£ (3^ —5x + 10)dx=[x3 —|^ + iox + (7]‘ 

=X? — ^xP + lOx; 

the sum of the elements of y from x = 0 to x = 4 is 

(3 x 2 — 5 * +10) dx = [a 3 — J a 2 + 10 * + (?]* = 64. 

While the method of differentials is based on the method of 
limits, the method of differentials has two decided advantages : 
first, calculations are simplified by dropping differentials of 
higher order at the start; secondly, the successive steps in the 


42 DIFFERENTIAL AND INTEGRAL CALCULUS 


application of the method of differentials, especially in sum¬ 
mation problems, are more directly intelligible than is the case 
when using the method of limits. Hereafter the derivative 
and differential notations are used interchangeably. 


PROBLEMS 


Form the differentials of the functions, 


II 

CO 

s. 

1 

Or 

• 

3 

y ** + 1 

y = (l - a 2 )*. 

C* 

IT 

^ 1 
tH^ 

II 

• 

* 


Find the functions whose differentials are, 


5. dy = (2 ar 3 — 5 x) dx. 


6. dy = (1 + x 2 ) dx. 


7 . dy = (1 -f a;) 3 dx. 


Evaluate the definite integrals, 

/»5 


8. ^ (4a; — 5) da;. 


9. ^ (2a 3 — 6 x)dx. 


1 »" JTV — 3 x -f- 5) dx. 


11. J* x? (ar 2 +1) ^ dx. Placing ar 2 -f-1 = z 2 , dx = - dz , and 




a^ (ar 2 +1) % dx = x? • z~ 3 • dz = x? • z~ 2 • dz 


= (z 2 — 1) • z“ 2 • dz = dz 


dz 

z 2 


While a; takes all values from 0 to 3, z takes all values from 1 
to VTO. Hence 

J>" + i $)-[’ +;+ 


12. (1 + a;)* dx. 


jl- 


- ■? 'V 


t\\ 







, r ✓ 1+■£* 


X- 



CHAPTER IV 


APPLICATIONS OF ALGEBRAIC DIFFERENTIATION AND 

INTEGRATION 

Art. 17. — Tangents and Normals 

The slope of the tangent to the curve whose equation is 
V = f( x ) a t an y point (a: 0 , ?/ 0 ) is the first derivative of y =f(x ) 
evaluated for x = x Qy y = y 0 . This is denoted by writing 

tan “ = 'rix' The equatl0n of the tangent TT' to y=f(x ) at 

(x„, Vo) is y—yo = ~(x—x 0 ). 

uXq 

The intercept of the tangent 

i 

on the X-axis, found by 
placing y = 0 in the equar 
tion of the tangent and solv¬ 
ing for x ) is AT= x Q —y 0 ^- 

dy 0 

the intercept on the T-axis 
is AT' = y a -x 0 p. 

dx 0 

The portion of the tangent 
bounded by the point of tan- 

gency and the point of intersection of the tangent with the 
X-axis is called the length of the tangent. From the figure 

43 
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the length of the tangent is PT = y 0 yjl + The P ro J eo " 

tion of the tangent PT on the X-axis is called the subtangent. 

d'V 

From the figure the subtangent is DT = 2 / 0 - 7 -°* 

dy 0 

The equation of the normal NN’ to y =f(x) at (a- 0 , 2 / 0 ) is 

?/— ?/ 0 = — — (x — a'o). The intercept of the normal on the 

dyo 

X-axis is AN = x 0 -f y 0 —\ the intercept of the normal on 

dx 0 

the X-axis is AN' = y 0 + 

dy 0 

The portion of the normal bounded by the point (x 0 , y 0 ) and 
the intersection of the normal with the X-axis is called the 
length of the normal. From the figure the length of the 

normal is PN = The projection of PN on 

the X-axis is called the subnormal. From the figure the sub¬ 
normal is DN = 2/0 ^* 

dx o 

Example.—F ind the equations of tangent and normal to 
a? 4 - 2 y 1 — 2 xy — x = 0 at the point (1, 1). Also the length 
of tangent and subtangent, and of normal and subnormal. 
Differentiating or 2 -f- 2 y 2 — 2 xy — x = 0 with respect to x, 

2 x + 4 y— — 2y — 2 x^- — 1 = 0, whence ^ ^ ^ 0 

^ u dx * dx 9 dx 4y-2x 

At the point of tangency x 0 = 1, y 0 = 1, ^ — 1, ^-° = 2. 

ax’o / tti/o 

Hence the equation of the tangent is y — 1 = \(x— 1), reducing 
to y = %x + i 5 the equation of the normal y — 1 = — 2 (x — 1 ), 
reducing to y = — 2 a; + 3; the length of the tangent is > 
the length of the subtangent 2 ; the length of the normal 

\ V5; the length of the subnormal 
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PROBLEMS 


1 . Find the equations of tangents and normals to 
^ + 3 /-* = 0 at r = + l and at i = -l. 

2 . Find the equations of tangent and normal to xy = 4 
at x = 2. 


3. Find equation of tangent to as* + y$ = J a t (x 0 , »/„). 

, 4 - Show that the sum of the intercepts of the tangent to 

3:4 + r = “ is the same for all positions of the point of 
tangency. 



5 . Find the subtangent of the ellipse - + 1 

a 2 b 2 

6 . Find the subnormal of the parabola y 2 = 2px. 

7. Find the length of the normal to 4 x 2 -f-16 y 2 = 100 at 
= 3* 


8 . 

x = 3. 


Find the length of the tangent to 4 x* -f 16 y 2 == 100 at 


9. Find the length of the subnormal to x 1 y 2 = 25 at 
(3, 4). 

10 . Determine the curves whose subnormal is constant. 

The hypothesis is expressed by the equation y^L = „ where 

a is the constant length of the subtangent. From this equa- 

tl0n dy = a 01 = ydy ' integration ax = | y 2 + C 

or y 1 — 2 ax — 2 C. This equation represents a system of 
parabolas. 


Akt. 18. Length ok a Plane Curve 

Denote by s the length from x = a to x = 6 of the plane 
curve whose equation is the continuous function y =/(*). 
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Divide ab into any number of equal parts Ax, and draw ordi¬ 
nates at the points of division of ab. Draw the chords of 


Y 



the arcs As into which these 
ordinates divide the curve AB. 
At the ends of any one of these 
arcs, such as mn, draw tangents 
to the curve AB. Assume as 
axiomatic that chord min < arc 
mn < broken line mkn. From 
the right triangles klm and kin, 

km = Im • sec kml, 

kn = In • sec knl. 


These relations are true for all magnitudes of the chord mn. 
As the length of the chord mn is diminished, the angles kml 
and knl approach zero and their secants approach unity. 
Hence km = Im (1 -f- cj) and kn = In (1 -f- e 2 ), where €j and e 2 
approach zero when mn approaches zero. Adding, 

km -f kn == (Im + In) -f ( Cl . Im -f- c 2 • In). 

When the chord min becomes an infinitesimal, Im, In, e lf and e 2 
become infinitesimals. It follows that 

broken line mkn — chord min = Cl . Im -f e 2 • In, 

an infinitesimal of a higher order than the chord min. Hence 
the difference between the infinitesimal arc mn and its chord 
min is an infinitesimal of a higher order than the chord, and 
in problems involving the limit of the ratio or the limit of the 
sum, the infinitesimal arc may be replaced by its chord. 

It follows at once that the length of the curve is the limit 

of the length of the inscribed broken line when the number of 

# 
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parts into which ab is divided is indefinitely increased, which 
is equivalent to saying when limit Ax = 0. That is, 

s = limit 2 (Aar 2 -f Ay 2 )^ = limit* 2 Y1 + • Ax 

z = a * = a\^ AX 2 / 


when limit Ax = 0. 


Hence s = 



1 + 


lx and ^ = + 


dx*J dx \ ' dx? y 

Since dx == ^ an U> w ^ ere a * s ^he an S^ e °f inclination to the 
X-axis of the tangent to the curve y =/(x) at (x, y), 


ds 


dx 


= (1 -f tan 2 a) 2 = sec a, whence cos u = —• 
ax ds 

Since sin a = tan a • cos a, sin a = = ^. These results, 

dx ds ds 

obtained by the method of limits, may be roughly inferred 

from the figure. As Ax approaches zero, the element of curve 

As approaches equality with its chord and becomes a part of 

the tangent. Hence in the limit, when Ax, Ay, and As become 
the infinitesimals dx, dy , and ds 


ds 2 = dx 2 -f dy 2 = (1 -f 


*-(*+£)*•<* 


smax = cos a = —■ 

as ds 


/ tan a = sinax 

i&-c 4 A <f\^ A_ 

Example. Find the length of the semi-cubic parabola 
y 2 = 4x 3 from x = 5 to x = 10. 

From the equation of the curve, y = 2 x 2 and ^ = 3 x^. 

r/'K 


X 


*- -J? 

The length of the curve from the origin (0, 0) to any point 
(x, y) is 

S= Jo (1 + 9 *) 4 • dx = ft (1 + 9 *)» - ft. 
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Tlie length of the curve between any two points x = a and 
x = b is 

s =f\l + 9 a;)* • dx= ^(1 + 9 b)% - (1 + 9a){ 


PROBLEMS 


1 . Find the length of y = 2 x from x = 5 to x= 10. 

2 . Find the length of y = 3 x -f- 5 from x = 5 to x = 20. 

3. Find the length of 9 y 2 = 4ar 3 from (0, 0) to (x , y). 

4. Find the length of 9 y 2 = 4 af* from x = 0 to x = 10. 

5 . Find the length of 9 y 2 = 4 ar* from a; = 5 to a; = 15. 


Art. 19. — Area of a Plane Surface 

Denote by A the area of the surface bounded by the continu¬ 
ous curve whose equation is y = f(x ), the lines x = a, x — b, 
and the X-axis. Divide the portion of the X-axis from x = a 

to x = b into any number of 
equal parts A#. Construct rec¬ 
tangles on each Aa; and the adja¬ 
cent ordinates as indicated in 
the figure. Denote by A A the 
portion of A included between 
two successive ordinates. Then 
A^l = y • Aa; 6 • Aa; • Ay, where 6 
F, °* 9 - is less than unity. This is true 

for all magnitudes of Aa?. When Aa? becomes an infinitesimal, 
A y also becomes an infinitesimal. Hence the infinitesimal 
element of area differs from the area of the infinitesimal rec¬ 
tangle by an infinitesimal of a higher order, and it follows that 

x = b /*b 

A = limit 2 y • Aa: = I y • dx when limit Aa? = 0. 
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^ Example. — Find the area of the surface bounded by the 
parabola y 2 = 4 x, the X-axis, and the lines x = 4, x = 9. For 
this curve 



Fio. 10. 


y = 2x^ and A = 2 £ x* • dx = 2 5{. 

The area from the vertex to the point ( x , y) is 

A = 2j* x^-dx=%x%. 

The area from x = a to x = b is 

A = 2 J* x*•dx = \(b* — a*).- 

A 

The area of the surface bounded by the parabola y* = 4 x, 
the X-axis, and the lines y = 4, y = 6 is 

A =j* x d ’J = ijV • = *[>/]= 12.67 * 

* The areas of surfaces hounded by curves whose equations are not 

known may be found mechanically by means of an instrument called the 
planimeter. 
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PROBLEMS 

1 . Find area bounded by y = 3x, the lines x = 0, x = 8 
and the X-axis. 

2 . Find area bounded by y = 5x, the lines x = l, &* = 4 
and the X-axis. 


3. Find area bounded by y = mx -f- n, the lines x = a y 
x = b and the X-axis. 

4. Find area bounded by y = mx -f- n y the lines y = a, 
y = b and the X-axis. 

5. Find area bounded by y 2 = 9 x, x = 0, x = 4 and the 
X-axis. 


6 . Find area bounded by the parabola y 2 = 2px, the or¬ 
dinate of the point (x y y) of the parabola and the X-axis. 

7. Find area bounded by the parabola y 2 = 2px y the ab¬ 
scissa of the point (x y y) of the parabola and the X-axis. 

8 . Find area bounded by x^ - y^ = a^ and the coordinate 
axes. 



Find area bounded by y 2 = 9 x f y = x and x = 






Find area bounded 
Find area bounded 
Find area bounded 


by y 2 = 9 x y y = 2 x and y = 6 . 


by 2/ 2 = 4 x and y = \ x. 

by the parabolas y 2 = 4 x and a^= 4 y. 


Art. 20. — Area of a Surface of Revolution 

Denote by A the area of the surface generated by the revo¬ 
lution of the continuous curve y = f (x) from x — a to x = b 
about the X-axis. A is the limit, when limit A# = 0, of the 
sum of the areas of the frustums of cones of revolution 
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generated by the revolution of the parts of the broken line 


ANB. 


Hence A = limit's^ Ax 




*S, y ’ ds> 


when limit Ax = 0. 

» Example. — Find the area 
of the surface generated by 
the revolution of the line 
y = 2x about the X-axis and 
bounded by planes perpen¬ 
dicular to the X-axis at x = 3 
and x = 8. 

Here 


B 



A ~ 2 t tJ^ 2 x(l + 4)i . dx = 4 V5 ttJ* 8 x c?x = 
= 2 V5 7T • 55 =: 110 V5 7T = 774.09. 



PROBLEMS 


1 . Find the area of the surface generated by the revolution 
of the line y = 3 x + 5 about the X-axis and included by the 
planes perpendicular to the X-axis at x = 0, x = 5. 


2 . Find the area of the surface bounded by the revolution 
of the line y = c about the X-axis and bounded by planes 
perpendicular to the X-axis at x = a, x = b. 


3. Find the area of the surface of revolution generated by 
the line y = mx + n revolving about the X-axis and included 
by planes perpendicular to the X-axis at x = a,x = b. 

4 \ Fln f the area of the surface generated by the revolution 
of x* -f- y* = a* about the X-axis. 
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Art. 21. — Volume of a Solid of Revolution 


Denote by V the volume of the solid bounded by the 

surface generated by the 



revolution of the contin¬ 
uous curve y = f(x) about 
the X-axis and planes per¬ 
pendicular to the X-axis 
at x = a, x = b. 

Denoting by AF the vol¬ 
ume of the part of the 
solid included by planes 
perpendicular to the X-axis 
at x and x + Ax, 


and 


7 ry 1 • Ax < A V < 7r (y -f- A y) 2 • Ax, 

A V— iry 1 • Ax = 6-7r(2y • A y + A if) Ax, 


where 0 is less than unity. When Ax becomes an infinitesi¬ 
mal, A y also becomes an infinitesimal. Hence in the limit 
when limit Ax = 0, 

9 - 

x = b S*b 

AF= Try 1 Ax, and V= 2 Try 2 Ax = tt I y 2 dx. 

x — a J* 

• • f 

M Example. —Find the volume of the prolate spheroid. The 


prolate spheroid is gener¬ 
ated by the revolution of 

a? 

,2 


(Ojj) 



Q © \ 

the ellipse — 4- = 1 about 


ar b 2 


the X-axis. £he entire 
spheroid is comprised be¬ 
tween x = + cl and x = — a. 
Hence, *£ 


(a,o) 


Fio. 13. 
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1. Find the volume of 

of the ellipse — -f — i 

a 2 hr 

oblate spheroid. 


PROBLEMS 

the solid generated by the revolution 
about the F-axis. This is called the 


2. Find the volume of the part of the sphere a 2 -}- y 2 + z 2 = 25 
between x = 2 and x = 4. 

3. Find the volume of the solid bounded by the surface 
generated by the revolution of the parabola f = 2px about 
the X-axis and the plane x = a* 


4. Find the volume of the solid bounded by the surface 
generated by the revolution of --£=1 about the X-axis and 

CL h c 


the planes x — c, x = d, where c and d are greater than a. 


6. Find the volume of the solid bounded by the surface 
generated by the revolution of y = 3 x + 2 about the X-axis 
and planes perpendicular to the X-axis at x = 2, x=7. 

6. Find the volume of the solid bounded by the surface 

generated by the revolution of ** + yi = a i about the X-axis 
and the planes x = 0, x = a. 


Art. 22. — Solids Generated by the Motion of a Plane 

Figure 


* Example. — The ellipsoid — 4- _i_ z * i u 

eiupsoia - 4 - _ + = 1 may be generated 

by an ellipse whose center moves on the X-axis, whose plane 
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is perpendicular to the X-axis, and whose axes in any position 

are the intersections of the 
| plane of the generating ellipse 

--- \ with the fixed ellipses, 


& , r_i . £_i 

o I o I 9 


- 4- s : 

' . Pr ■ ; 




Fig. 14. 


^be area ^ ie £ enera ^ n £ 
\ / ellipse in any position is 

7 r rs • rt. Since ( x , rs, 0) and 
Fl °* 14 ‘ (a;, 0 , rt) are points in the 

ellipsoid ^ ^ \ = 1 , rs = -(a? — xrf and = - (a 2 — ar*)i 

a 2 6 2 c 2 a a 

Hence, denoting the area of the generating ellipse in terms of 
* by X, 

X=J^(c?-x>). 

cr 

Denoting by AF the volume of the part of the ellipsoid 
included by the generating ellipses at x and x Ax, 


XAx>AF> (X — AX) Ax, 


and 


AF= XAa — 6 • AX- A#, 


6 c 


where AX represents the change of X— -rr —(a 2 —- cr 2 ) corre¬ 
ct . 2 

sponding to a change of Ax in the value of x and 0 is less 
than unity. Since AX becomes an infinitesimal when A# 
becomes an infinitesimal, in the limit, when limit Ax = 0, the 
volume of the ellipsoid is , 


F= limit 2°X-Acc = C + °X-dx 

*=—a —a 


= 7 r^ r (a 2 — x 1 ) dx = £ tt abc. 

Ct i/- a 
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PROBLEMS 

1. Find the volume of the part of the elliptic paraboloid 
c j + j = 2 * included between the planes x == 0 and x = 5. 

2* Find the volume of the solid bounded by the hyperboloid 
of one sheet ~ + £ - = 1 an d the planes z = 3,z = 5. 

3. Two equal semi-circles ccr = r 2 — z 2 , y 2 = r 2 — z 2 lie in 
the perpendicular planes XZ, 

FZ. The solid generated by the 
square whose center moves on 
the Z-axis, whose plane is per¬ 
pendicular to the Z^axis, and 
whose dimensions in any posi¬ 
tion are the chords of intersec¬ 
tion of the plane of the square 
with the fixed semi-circles, is 
called a semi-circular groin. Find 
the volume of this groin. 

Notice that the groin might be defined as the solid which 

the two cylinders a? = r 2 - * and yz = ^ _ ** have in 
common. 

4. Two semi-circles a* = 2 r l2 - ** f = 2 r aZ - «* of unequal 
radu he in the perpendicular planes XZ, TZ. Find the 
volume of the groin generated by the rectangle whose plane is 
perpendicular to the -Z^axis and whose dimensions are the 
chords of intersection of the plane of the rectangle with the 
given semi-circles. Take depth of groin d. 

* 6 ' . Th * two Parabolas ^=2p lZ , ,f = 2p 2 z lie in the per¬ 

pendicular planes XZ, YZ. Find the volume of the groin 
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generated by the rectangle whose plane is perpendicular to 



the Z-axis and whose dimensions are 
the chords of intersection of the plane 
of the rectangle with the given parab¬ 
olas. Take depth of groin d. 

6. Two circular cylinders have equal 
bases and equal altitudes. Their lower 
bases are tangent to each other, their 
upper bases coincident. Find the vol¬ 
ume of the solid common to the two 


Fig. 16. cylinders. 


CHAPTER V 




SUCCESSIVE ALGEBEAIO DIFFEEENTIATION AND 

INTEGEATION 

Art. 23. — The Second Derivative 


d 


The first derivative of /(*), denoted by JL f(x) or f'(x), is 

in general a function of x. The first derivative of the first 

derivative ’ 4r^} is denoted hy £m or/"(*), and is 
called the second derivative of /(*). If f( x) is denoted by y, 
the first and second derivatives are written ^ and ^ 

For example, ( * x 

if f(x) = a*-7 X + 7, f(x) = 3a*- 7, f"(x) = 6x. 

Geometrically measures the slope of the tangent to the 

curve whose equation is y =/( x) at (x, y). Hence = 

measures the rate of change ^ dx \ clx J dx 2 

of the slope of the tangent. 

When ^ is positive, ^ 
dx? , 9 ax 

or the slope of the tangent 

increases as x increases. 

From the figure this is seen 

to be the case for the part 

cde of the curve, that is, 

when the curve is concave 

Fiq. it. 
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upward. When is negative, the slope of the tangent de¬ 
creases as x increases. This is the case for the part abc of the 
curve; that is, when the curve is convex upward. When 

— the tangent is stationary. A point of the curve where 

the tangent is stationary is called a point of inflection, since 
at such a point the curve changes its direction of curvature. 

If the relation between the distance passed over and the 
time of the motion of a body is expressed by the equation 

(jjo 

s = /(0> ^ is the velocity at any time t. If the velocity has 

different values for different values of t y represent the velocity 
at time t 0 by v Q) at time t by v. The average rate of change hi 

velocity in the interval of time t —1 0 is v °. Calling t 


t-t 


o 



interval .of time A1, the change in velocity Ae, the ratio 

measures the average rate of change of velocity in the interv 
of time A«. This is true whatever may be the magnitude 
the interval of time A t. The limit of this ratio when li 
A t = 0 is the actual rate of change of velocity at time t, 
the interval of time during which the rate of change 
velocity might vary continually decreases. The actual rate'of 

change of velocity is called acceleration. Hence acceleration 

,. ., An dv d ds d 2 s „ 

= limit For example, if s = 16.08 

denoting the acceleration by a, a = 32.16. 

As a direct consequence of the definition 



£ f(x) =I * follows that /£/(*>=£/(*)+ G 

For example, let it be required to find the function whose 
second derivative is 2x — 5. Denoting the function by 

= 2 a: - 5. Integrating, ~f(x) = a? - 5 x + O',. Inte- 
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^ grating again, f(x) = i a? — f a? + Ci x -f C 2 . and C 2 are two 

■r- 

arbitrary constants of integration, whose values become known 
N if the function and its first derivative are required to take 
v.v > given values for given values of x. For instance, if it is re- 


_VV 0 ° - — ~ - 

^ quired that f(x) = 10 when x = 2 and —fix) = 1 when x = 0, 

dx 



i = 1 and C 2 = 15 J. Under these conditions, if 

f 72 

W/ /»/ \ A ^ /* / x « a . A 


dx 2 


/(*) = 2 x - 5, /(») = \i*-sx> + x + 154. 


PROBLEMS 


Find the first and second derivatives of, 
1. 3 a?. 2 . 4a?-5. 


3. 2 a? —7 or. 




4. 1 

X 


1-fa? 


W 


■* Find between what values of x the curves wl^c^ ^oresent 
the following equations are convex upward, concave upward, 
and find the points of inflection, 


7. y = x* — 7 x + 1. 8. y = 


1 -f a? 


9. y = |-a? + 2. 


^Determine the first and second derivatives of y with respect 
to x in the implicit functions, 

10. x? + y 2 = r 2 . The first derivative is ^ 

do; y 

Differentiating both sides of this equation with respect to x , 


«*v *" 


do? 


Substituting ^ = — - there results ^ . 

dx y dx? V s 

n. ^+£=1. 12. * *=l. 13. 


13. y 2 = 2px. 




.&Sh 


* 
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Find — from the following equations, 
dx 2 

i4 - if)'- 

with respect to x, 2 ^ ^ = 3 whence = f y*. 

(IX uX 


= i/ 3 . Differentiating both sides of this equation 


da; 


dar 


15- ^ = 2/ 2 
da; ^ 


18. 


16. — = a;?/, 
da; J 


d.V __ 


17. ^ = 2- 


da; 


a; 


dy Y - 


dx 


= y< 


19. 


s 1 -** 


20. The equation /(a*, y) = 0 defines y as a continuous func¬ 
tion of x. Consequently it also defines x as a continuous 

function of ?/. It has been shown that ~ Prove that 

J dx dx 

d 2 x 


lO 


I 

/ 


dy 


\ 


—ai. ouuy moves m sucn aihanner that the relation between 
s and t is expressed by the following equations. Pind velocity 
and acceleration at time t. a and u are constants. 


21. s = u • 1 4- \ a • t 2 . 

22. s = wd-iad 2 . 


23. s = i* • $ 2 + a • t*. 

24. s=u»t 2 — a*f. 


Determine the functions whose second derivatives are, 

25. 3 a;+ 2, knowing that when x=l, f(x) = 10; when 

*-°> !/<•>= 3 - 

26. 5 a; — 7 ar 2 , knowing that when 

* = o, /(as) = 0, /(*) = 1. 

27. Find the curve through the origin and making an angle 

of 45° with the X-axis at the origin, knowing that ^ = 2 a; + 5. 

dar 
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28. Find the curve through (5, 7) and parallel to the X-axis 

at a: = 3, knowing that ^ = 2 a 2 — 4 x. 

dxr 

29. A body starts moving with a velocity u and has a 
uniform acceleration a. Find the relation between $ and t. 

(pg 

The conditions of the problem are expressed by —- = a, and 

ds . at 

when t = 0, $ = 0, -^ = u. By integration 


(W 

•» 




ds 

dt 


— a • t -f- CJu s — -j- a • t 2 -|- C\ • t -f- (J g. 


ds 


Since s = 0 and — = u when t = 0, C l = u and C 2 = 0. Hence 

dt 

the result is s = ut -f \ at 2 . 

30. A body starts moving with a velocity u and has a 
uniform acceleration — a. Find the relation between s and t. 

31. A horizontal beam has one end fixed. The bending of 
the beam due to a weight P causes ail elongation of the upper 
surface of the beam and a com¬ 
pression of the lower surface. 

Some intermediate surface re¬ 
mains unchanged in length and 
is called the neutral surface. 

The figure shows a vertical 
longitudinal section of the 
upper, lower, and neutral sur¬ 
faces of the beam. This section of the neutral surface is 
called the elastic curve. In text-books on Strength of Mate*^ 

rials it is proved that for any point ( x , y) in the elastic curtfe, 
(J?}J 

El = — P‘%, where E is a constant depending on the mate¬ 
rial of the beam, I a constant depending on the cross-section 
of the beam. By the nature of the problem y = 0 when x = 0, 


- ■ 1 1 


-—. 

r ~ r ' 1 

_ 

•Li-Vi.. 

! " 3 


I*- 




Fig. 18. 
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and ^ = 0 when x = l. Determine the equation of the elastic 

(XX 

curve and the maximum deflection of the beam. 


32. Suppose the load uniformly distributed over the beam 
of Problem 31. If the load per linear unit is w and the origin 



the deflection of the free end. 
elastic curve. 


of coordinates is taken at the 
free end of the beam, it is 
proved in Strength of Materials 
that for any point ( x , y ) in the 

elastic curve EI^Jl = ~ w ' H. 

dx 2 2 

By the nature of the problem 
when x = l, where A represents 

Determine the equation of the 


33. A horizontal beam rests on two supports the distance 
between which is l. If a load P is placed at the middle of the 
beam and the origin of coordinates is taken at the left support, 
it is proved in Strength of Materials that for any point ( x , y) 

in the elastic curve = By the nature of the prob¬ 

lem ^ = 0 when x = ^-l, and y = 0 when a=0. Find the 
dx 

equation of the elastic curve and the maximum deflection. 

34. The beam of Problem 33 supports a uniform load. If 
w is the load per linear unit, it is proved in strength of mate¬ 
rials that for all points in the elastic curve 

Ei^y __ wlx _ wx? 

• dx? 2 2 

By the nature of the problem ~ = 0 when x = ll, and y = 0 

dx 
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when x = 0. Find the equation of the elastic curve and the 
maximum deflection. 

35. A circular disc whose weight is W is free to turn about 
a horizontal axis through the center of the disc and perpen¬ 
dicular to the plane of the disc. A cord wound around the 
circumference of the disc has a weight 
P attached to its free end. In Mechan¬ 
ics it is proved that 

(P0_ P-r-g 
dt 2 W'& + P-i* 

where g is the earth’s gravity constant, 
r is the radius of the disc in feet, k is 
a constant depending on the size of the 
disc, and 0 is the angle in radians 
through which the disc turns in t seconds, 
between 0 and t. 

In the following problems find 

dx 

(py 

36. " 7 ^= 2 / 3 * Multiply both sides of the given equation by 



Fig. 20. 


Find the relation 


dy 

dx 


dx 1 

and integrate. There results 


and 

dx dx? dx \dxj * 


+ 0 . 


37. 


S^ + s 2 - 

da? dx 


38. 


g= 2s --5y. 




Art. 24. — Maxima and Minima 


Vr A continuous function /( x ) increases as x increases when its 
^ | first derivative —-f(x) is positive, and decreases 


as x increases 


| whe n its first derivative is negative. If f(x) changes from an 
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increasing to a decreasing function when x = a* 0 , the value of 
f(x) is greater when x = x 0 than it is just before x reaches x 0 , 
and also greater than it is just after x passes x 0 . This is 
expressed by saying that f(x ) has a maximum value when 
x = x 0 . At a maximum value of f(x ) therefore the first 

derivative — f(x) changes sign from + to — for increasing 

dx 

values of x. 

If fix) changes from a decreasing to an increasing function 
when x = x 0 , the value of /( x ) is less when x = x 0 than it is 
just before x reaches x 0 and also less than it is just after x 
passes x 0 . This is expressed by saying that / (x) has a mini¬ 
mum value when x = x 0 . If /(.t) changes from a decreasing 
to an increasing function, the first derivative must change sign 
from — to -j-. Hence at a minimum value of f(x) the first 

derivative —fix) changes sign from — to + for increasing 

dx 


values of x. 

An algebraic function can change sign only by passing 
through zero or by passing through infinity. Hence when fix) 

J J 

has a maximum or a minimum value, —f(x)= 0 or —/(a)=oo. 

dx dx , 


d 


dx'' w dx , 

If NLfix) — 0 and fix) has a maximum value, —fix) 
dx dx 

changes sign from to — by passing through zero. Hence 

— fix) is a decreasing function, and its first derivative, which 

dx . J 2 

is the second derivative of fix), that is —/(a), must be 

,. dxr 

negative. 

If d-fix) = 0 and fix) has a minimum value, fix) 

dx dx 

changes sign from — to + by passing through zero; hence 


jLfix) is an increasing function, and its first derivative, which 
dx 

is the second derivative of fix), must be positive. 

These results, obtained analytically, may also be directly 


% 

1 
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does not change sign when x passes through — 2,y\s neither 
a maximum nor a minimum when x = — 2. 

When x is just less than +13, the signs of the factors of 

are —— and —^ is negative; when x is just greater than 
dx + dx , ’ , 

dy + + aud dy ; 


+ 13, the signs of the factors of AL are 


is posi- 


d dx + dx 

tive. Since -A changes sign from — to + when x passes 

dx 

through 13, y is a minimum when x = 13. This minimum is 

V = 33 J. 

When x is just less than + 3, the signs of ~ are —— and 

CIX 

is positive; when x is just greater than + 3, the signs of 


dy 

dx 

dy d— , dy . 

are —— and ~ is negative. 
dx + dx ° 


Since ^ changes sign from 


+ to — when x passes through +3, y is a maximum when 
x = + 3. This maximum is y = oo. 


PROBLEMS 

Examine the following functions for maximum and mini¬ 
mum values: 


1. 

ar — 3 x + 5. 

9. 

x - 

-l 
-• 

2. 

x* — 4 x + 7. 


{X + 2y 

3. 

2x? — 5x. 

10. 

(x- 

- 1)* (x + 2)*. 

4. 

a? — 2 x 2 . 

11. 

y = 

2x — x*. 

5. 

i x * — f® 3 — + 2 x. 

12. 

y — 

2 Rx — x 1 . 

6. 

X s — 5 x 2 — 10 a; + 4. 

13. 

y = 

— (2ax — X s ). 

7. 

(? - 



ar 


(x + l ) 8 

14. 

y = 

x? + 3 x — 5. 

8. 

X 

1 K 

y = 

Sx — 5 

1 + ar 2 

iO . 

( 2 x — sy 



68 DIFFERENTIAL AND INTEGRAL CALCULUS 


16. y — 10 V8 x — x 1 . Suggestion. 10 \/&x — .v 2 is a maxi- 
mum when 8 x — x 2 is a maximum, a minimum when 8 x — a? 
is a minimum. Hence constant factors may be dropped and 
the radical sign removed before forming the first derivative. 

17. V3a?- 10 x + 6. 18. \- 1 • 19. 3 V5ar’ - 10a?. 

* x -|- 3 

20. Show that x 3 - 3 a* 2 + 6 x has neither a maximum nor a 
minimum value. 

21. Show that - is a maximum value of ax 2 -f 2 bx-\- c 

a 

when a is negative, a minimum value when a is positive. 

22. Divide a into two factors whose sum is a minimum. 

23. Divide a into two parts such that the sum of their 
squares is a minimum. 

24. Divide a into two parts such that their product is a 
maximum. 

25. Divide a into two parts such that the sum of their 
square roots is a maximum. 

26. From a square sheet of tin 18 inches on a side equal 
squares are cut at the four corners. From the remainder of 
the sheet of tin a vessel with open top is formed by bending 
up the sides. Find side of small squares when the vessel 
holds the greatest quantity of water. 

27. From a rectangular sheet of tin 3 feet by 2 feet equal 
squares are cut at the four corners and a box with open top 
formed-by turning up the sides. Find sides of squares cut 
off when contents of box are greatest. 

28. A box, square base and open top, is to be constructed 

to contain 108 cubic inches. What must be its dimensions to 
require the least material ? ‘ 
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29. A circular cylindric standpipe is to be built to hold 
10,000 cubic feet of water. Find altitude and diameter of 
base which require least material. 

30. Find the shortest distance from (3, 5) to the line 

2 3 * 

31. Find the shortest distance from (7, 8) to the parabola 
y 2 = 4 x. 

32. Find the shortest line that can be drawn through (a, b) 
meeting the rectangular axes. 

33. A Norman window is composed of a rectangle sur¬ 
mounted by a semicircle. Find the dimensions of the window 

so that with a given perimeter the window admits the greatest 
amount of light. 

34. Two trains are running, the one due east at 30 miles 

per hour, the other due north at 40 miles per hour. When 

the first train is 30 miles from the intersection of the tracks 

the second is 20 miles from this point. Find the least dis¬ 
tance between the trains. 

35. A person in a boat 3 miles from the nearest point of 
the beach wishes to reach in the shortest time a place 5 miles 
from that point along the beach. If he can walk 5 miles an 
hour, but row only 4 miles an hour, where must he land ? 

36. The strength of a rectangular 
beam varies as the product of the 
breadth and the square of the depth. 

What are the dimensions of the 
strongest beam that can be cut from 
a log whose cross-section is a circle 

i 18 inches in diameter? Strength pre¬ 
vents breaking. 
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37. The stiffness of a rectangular beam varies as the product 
of the breadth and the cube of the depth. Find the dimen¬ 
sions of the stiffest beam that can be cut from a log whose 
cross-section is a circle 18 inches in diameter. Stiffness pre¬ 
vents bending. 


38. The bending moment of a simple beam whose length is l 

when the uniform load per 
linear unit is iv is 

M = l- wlx — £ wx* y 

at the point whose distance 
FlG ' 23 ‘ from the left support is x. 

Find where the bending moment is a maximum. 



39. The distance between two lights A and B is d. The 
intensity of A at unit’s distance is a, of B is b. If the inten¬ 
sity of a light varies inversely as the square of the distance, 
find the points between the lights of maximum and minimum 
illumination. 


40. If the illumination varies as the sine of the angle under 
which light strikes the illuminated surface divided by the 
square of the distance from the source of light, find the height • 
of an electric light directly over the center of a circle of radius 
r when the illumination of the circumference is greatest. 

1 2 

41. If cV-f-— is the total waste per mile going on in an 

electric conductor, r resistance in ohms per mile of conductor, 
c the current in amperes, t a constant depending on interest on 
investment and depreciation of plant, find the relation between 
resistance and current when the waste is a minimum. 

42. If v is the velocity of an ocean cu rren t in knots per 
hour, x the velocity of a ship in still water, and if the quantity 
of fuel burnt per hour is proportional to sc 3 , find the value of x 






i 


*T 
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which makes the consumption of fuel a minimum for a run of 
s miles. 

43. Given n voltaic cells of E. M. F. e and internal resist- 

, ance r, to find the way in which the cells should be arranged 

^ to send a maximum current through a given external resist- 
ance R. 


Let x cells be placed in series, then the current I = — 


xe 


44. The equation of the path of a projectile is 

y = x tan 0 - 


xrr 

n 


+ R 


2 u 2 cos 2 d’ 

X where 6 is the an 8 le of projection, u the velocity of projection, 
.] y = 32.16. The range, the value 

v- of x when y = 0, is - 2s ^ n ( 2 ^) 

< . 9 

% a. Find the greatest height. 

b. Find the angle of projec¬ 
tion which gives the greatest 
' height for a given velocity. 

> c# Flll(i the an g^ e of projection which gives the greatest 
^ range for a given velocity. 

Find the dimensions of the isosceles triangle of maxi- 
mum area that can be inscribed in a circle of radius r. 

Calling alt itude of triangle a, base 2 y, tf = 2rx- x 2 , and 
= * V2rx — ar 2 . A is a maximum 



Fio. 24. 


when A! = 2 ra 3 — x A is a maximum. 




dA! 

dx 


= 6 rar 2 — 4 a 8 , 


which is zero when x = f r. The first 

derivative changes sign from, -{-to _ 

- when x passes through fr. Therefore 
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the area of the inscribed triangle is a maximum when its alti¬ 
tude is f r. 

> 46. Find the dimensions of the rectangle of maximum area 

X 2 y2 

that can be inscribed in the ellij^se — + d- = l. The area of 

a 2 b~ 

Y the rectangle is A^&xy, 

which is a maximum when 
—- A' = xy is a maximum. 

/ A dA 1 dy . nt 

r ’ j -X dx dx 

-- —From the equation of the 

ellipse ^ = — ^. Bysub- 
Fig. er>. dx ary 

sti+.nt.ion. dA_ __ a y Hence A ' is a maximum when 




stitution, —A _ a y ^ x .. Hence A ' is a maximum when 

dx a' 2 y 

a?y 2 _ yirtf _ q. Combining this equation with the equation of 
the ellipse, x = y = , and the area of the maximum 

V2 V2 

rectangle is 2 ab. 

47. Bind the area of the maximum rectangle that can be 
inscribed in the parabola y 2 = 2 px whose limiting coordinates 

are a, b. 

Y 7 

v V 48. Find the dimensions of 

the cylinder of revolution of 

/ \ maximum volume that can be in- 

/ V \ scribed in a sphere of radius r. 

—r | * Calling the radius of the base 

V J of the cylinder x 9 the altitude 

\ ^-^ / 2 y, (x , y) is a point of the circle. 

x 1 q- y 2 = ?•* which generates the 

fig. 27 . sphere. Calling the volume of 


X-—- 



SUCCESSIVE DIFFERENTIATION 


73 


the cylinder V, V= 2 iryx 1 = 2 iry (r 2 — y 2 ). V is a maximum 
when = 2 7T?* 2 — 67ry 2 = 0, that is when y = , since this 

value of y makes —- = — 12 iry negative. The maximum is 

4 ^y 

V =-7rr 3 . The ratio of the volume of the maximum 

3V3 ± 

inscribed cylinder to the volume of the sphere is-• 

V3 

4D. Find the cone of maximum volume that can be inscribed 
in a sphere of radius r. 

50. Find the cylinder of maximum volume that can be 
inscribed in a cone, altitude 7i, radius of base r. 

51. Find the maximum cylinder that can be inscribed in 
. v * the prolate spheroid. 

Y 52. Find the maximum cylinder that can be inscribed in 
the oblate spheroid. 

53. Find the cone of maximum volume that can be in- 

« * 

scribed in a paraboloid of revolution, the limiting point of the 
generating parabola y 2 = 2px being (a, b), the vertex of the 
' cone at intersection of axis of paraboloid with base of 
I , paraboloid. 


vX' 54. Of all right circular cones whose convex surface is the 
same find the dimensions of that whose volume is greatest. 

V i 77 y*) an( ^ TryVx? + y 2 — constant. 


dx 


.llUCU&IUllS 

= \-n(2xy 


dx 


■ » r 

x?y 2 + y 4 = constant, and ^ M— 

dx o? | 2 

Hence ( 2 It 0 2 )- E( i uatin g the 

first derivative to zero, x = y V2, which 

makes V a maximum since changes sign 

dx 

from -f- to — when x passes through y V2. 


- V — 


Fio. 28. 
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55 . Of all right circular cylinders whose convex surface 
plus the surface of the lower base is constant, find the dimen¬ 
sions of that whose volume is greatest. 

56. The distance between the centers of two spheres of 
radii r and R is cl. Find on the line joining the centers the 
point from which the greatest amount of spherical surface is 
visible. 

57. Find the axis of the parabola of maximum area that 
can be cut from a right circular cone, radius of base r, 
altitude h. 


Art. 25. — Derivatives of Higher Orders 


It has been found convenient to call the first derivative of 
the first derivative of f(x) the second derivative of /(#), an ^ 
to denote it by -^/(z) or f"(x). In like manner it is found 

(13/ 

convenient to call the first derivative of the second derivative 
the third derivative of f(x), and to denote it by the syfnbol 
—f( x ) or f tn ( x )• By an extension of the same notation 

f lV (x), / v (a), •••, f n (x) denote the fourth, fifth, •••, nth derive 

tives of f(x). ^ 

For example, if f(x) = a 4 + 3 ar* — 7 ar 2 — 27 a; — 18, ^ 


f'(x) = 4 .x 3 -f 9 ar 2 — 14 a; — 27, 
f"(x) = 12 ar 2 + 18 a; — 14, 
/"'(*) = 24 a:+ 18, 


f'\x) = 24, 
f\x) = 0. 

... . < 

It follows immediately from the definition that the integral 
of any derivative is the next lower derivative. 


SUCCESSIVE DIFFERENTIATION 


75 


For example, if 

f lv (x ) = 24x- 18, 
f'"(x) = 12 a 2 —18 x -f- C» 

/"(x) = 4 x 3 — 9 + Ci • a; + C 2 , 

/'(x-) = x 4 — 3 x 3 + £ C x • x 2 -f (7 2 • a + C 3 , 

«/* (®) == ^ ^ f *^ 4 “I" ^ Ci * S ' 3 -+- Ci • x 2 -f- C 3 • x -f- (7 4 . 

The arbitrary constants C lf C 2 , C 3 , C 4 become known if the 
function f(x) and its first three derivatives /'(x), f"(x), /"'(x) 
are required to take given values for given values of x. 

The successive derivatives f'(x ), f"(x), /'"(x), ••*, are called 
derivatives of the first, second, third, •••, orders. If /"(x) is 
given, /(x) is found by n successive integrations, and the 
general expression for f(x) must therefore contain n arbitrary 
constants.* 


PROBLEMS 

Form the derivatives of the first three orders of, 

1. ar 5 —fix 2 + 15. 2 . 3 ar 2 4 - 4 x — 7. 3 . —— 

1 — x 

Find /(x) when, 

4. f"(x) = x 2 - 5 x. 6 . f"(x) = 15 x 2 + 7. 

V- 6 - / IY («) = 1 + x. 7 . f"(x) = 10. 


Art. 26. — Evaluation of the Indeterminate Form 2 

The ratio 2 may have any value whatever; that is, the 
value of the ratio is indeterminate. If, however, the ratio of 


*In Lagrange’s notation the successive derivatives of f(x) are denoted 
by /'(x), /"(x), f"'(x) • • •; in Cauchy’s notation, by D 2 f(x ), 

SVCO •• •• Newton denotes — by s. 

eft 2 
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two functions 


f( x ) 


takes the form - for some special value 

<£(*) 0 /( x) 


' » j y *v i - • 

of x, such as x = a, the true value of when x = a is 


— ^ ^ 

defined as the limit of the ratio /( a ~h -when limit Ax = 0. 

<f>(a 4- Ax) 

Since by hypothesis /(a) = 0 and <f> (a) = 0, 


f(a 4- Aa;) — /(a) 

limit /(« + A?) = limit A -- -IM 

</>(a -j- Ax) 


4>(a 4- A a;) — <ft(«) </>'(a) 

Ax 


when limit Ax = 0. Hence by the definition the true value of 

f( x l when x = a is , where f(a) and <£'(a) denote the 

<f>(x) <#> ( ci ) 

values of /'(x) and «£'(x) when a is substituted for x. 

If / (? .) = the same analysis shows that the true value of 

0 

f.(Pl — f In general, the true value of is the 

<#>0) <#>'( a ) * ( a ) <K a ) . 

first determinate ratio -- '■ of derivatives of the same order. 

Vip) 


Ex. 


Find the true value of — 3x4- 2 w he n x = 1* 

x 3 — x 2 — x -J- 1 


/(x) x 3 — 3x4-2 0 , 1 

Here ^4-4 = -r - r ———— = when x = 1; 

<f>(x) a: 3 —x 2 —x4-l 0 


m— **=* — 0 


</>'(x) 3 X 2 - 2 X - 1 0 


f”(x) 6x 3 , ^ 

^ = 6^ = 2 )Whena, = 1 - 


<#>"(*) 


’Hence % is the true value of x ^ when x 

x 3 — ar -r- x +1 


= 1 


/ 


f 


* 
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PROBLEMS 


Find the true values of, 
ar 3 — 7 x 2 4 - 4 x -f 12 


1. 


ar* — 14 x + 24 


- when x = 2 . 




/ 




- - V 

- 


O a ,* 2 — 16 

2 . —- when a; = 4 . 


ar’ + x — 20 


3. 


ar 5 


ar* — 1 


when a; = 1 . 


4. 


5 x 2 — 8 x -f 3 
7 x 2 — 9 x -f- 2 


when x = 1 . 


5 x 4 — 2 ar*-f 2 .t — 1 


a ,- 8 - 15 a ,- 2 + 24 a; - 10 "' hen * “ 1- 


6 . 


*M-3 s? — 7 x? - 27 x -18 


x* — 3 ar> — 7 a? + 27 a; —18 


when a; = 3 


_ x u — 1 , 

7. -- when a; = 1 . 

x — 1 

x n — a n -i 

o* - when x = a. 

x — a 


9. 


x — 2 


(* — l) 2 — 1 


when x = 2. 


10 . 


V5 -f- •y/a? — g 
Vi 2 — a 2 


when x = a. 


11 


' frfr * - «• H «™ « - ? when , = „ for 

all values of n and the true value of the ratio cannot be found 

by the method of derivatives. The removal of the factor 

( °.“? from numerator and denominator leads to a deter- 
inmate result. 


CHAPTER VI 


PARTIAL DIFFERENTIATION AND INTEGRATION OF 

ALGEBRAIC FUNCTIONS 

Art. 27. — Partial Differentiation 

If to pairs of arbitrarily assigned values of x and y there 
correspond one or more determinate values of z, z is called a 
function of the two independent variables x and y. This is 
denoted by writing z = /(.t, y). 

The function z = f(x , y) is said to be continuous at .To, yo ^ . 
limit f(x 0 4- y 0 4- S 2 ) — f(x 0 , y 0 ) = 0 when limit ^ = 0 and 
limit S 2 =f 0. It fpllows that if f(x,y) is a continuous func- 
tion of and'y, it * is also a continuous function of x and y 

separately. The converse is 
not necessarily true. 

The ‘ equation z = f(x, y), 
where x and y are independent 
variables and z is a continuous 
function of both x and y, when 
interpreted in rectangular space 
coordinates represents a curved 
surface. Let (x 0 , y 0 , z 0 ) he any' 
point in the surface. If x re¬ 
tains the fixed value x 0f the 
equation z =f(x 0 , V) represents the projection on the ^F-plane 
of the intersection of the plane x = x 0 with the surface 

78 
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z =f( x >y)- If z = f(xo, y) is differentiated with respect to 
y , the result is called the partial derivative of 2 : = f(x , y) with 

respect to y , and is denoted by the symbol —. Denoting by 

Oz dz ^y a 

t" the value of 7T when x = x 0 , y = y 0)Z = z 0 , pi is the slope 

d ?/o °y oy 0 

of the tangent to z =/( x 0 , ?/) at (y 0 , z 0 ) and measures the rate 
of change at (x 0 , y 0 , z 0 ) of z when the point (x, y , z) moves 
along the curve of intersection of x = x 0 and z=f(x, y). 

If y retains the fixed value y 0 , the equation 2 =f(x, y 0 ) rep¬ 
resents the projection on the ZX-plane of the intersection of 
the plane y = y 0 with the surface 2 =f(x, y). If z = f(x y y 0 ) 
is differentiated with respect to x , the result is called the 
partial derivative of z=f(x y y) with respect to a, and is de¬ 
noted by the symbol Denoting by ^ the value of dz 


dx 0 


dx 


dx « 

when x = x Q , y = y 0y z = z 0y is the slope of the tangent to 

ox 0 

z = f( x > 2/o) al (^o> x o) an d measures the rate of change at 


( x o> 2/o> z o) of z when the point (x, y, z) moves along the curve 
of intersection of y = y 0 and 2 : = f(x y y)* 0 rtf, ^ tf*. • 

I he equations of the straight line tangent to the curve of 
intersection of the plane x = x 0 and the surface z = f (x, y) at 

( :x °> z °) are x = x o an( l z — z o = ~ (y — 2 / 0 ) ; the equations of 
the stiaight line tangent to the curve of intersection of y = y 0 
and z—f{x, y) at ( x 0 , y 0 , «„) are y = y 0 and z — z„ = — (x — x 0 ). 

The plane containing these two tangent lines is the tangent 
plane to the surface z =/(x, y) at (x 0> y 0 , z 0 ). In the analytic 
geometry of three dimensions it is proved that the plane 

A (x- x Q ) + B (y - y 0 ) + C (z - z 0 ) = 0 through the point 
( x °> y°> z “) contains the line x — a— a (z — z 0 ) y — y 0 = b (z ~ z 0 ), 


*The use of 3 to denote partial differentiation was introduced by 
Jacobi (1804-1851). y 
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when Act + Bb -f- C = 0. Hence the equation of the tangent 

plane is found to be z — z„= ^ (x — ar 0 ) + ~(y — Vo)- 
1 dx 0 dy„ 

Denoting by Z the angle made by the tangent plane with 


the XF-plane, cos Z = 



The normal to the curved surface z =f(x, y ) at (a? 0 , y 0 , z 0 ) 
the line through (.t 0 , y 0 , z 0 ) perpendicular to the tangent plane 
at this point. Hence the equations of the normal are 




0 -zo), y-y o = - 



For example, let it be required to find the equation of the 
tangent plane and the equations of the normal to the sphere 
a; 2 _j_ i/ 2 -f z 2 = 14 at (1, 2, 3). Differentiating, regarding y con¬ 
stant. x + z— =0. Differentiating, regarding x constant, 
d dx 

w-fz—=0. At the point of tangency 
dy 


Xq — 1 , yo — 2 , 




1 dZo = _? 

3’ dy 0 3 


9 





Hence the equation of the tangent plane is 

z ~ 3 = — i (p — 1) —■ f (y — 2), 

reducing to a-{-2y-|-3z = 14; the equations of the normal are 
x — l = i(z — 3), y — 2 = f (z — 3), reducing to x = \z, y = |z. ^ 

If the altitude of a right circular cone is y and the radius of 
its base is x , denoting the volume by F, V = *y. The 

variables a; and y are independent, for a change in x does not 
cause a change in y. Suppose the radius to remain unchanged y 
while the altitude varies. Differentiating partially with respect 
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to y, 


dV 


q z = i^x 2 . This shows that if the base of the cone 

remains constant the volume changes ^ 7 rx? times as fast as 
the altitude. If the altitude remains constant and the base 

changes, ^ 7 rxy. That is, the volume changes f ttxxj times 

as fast as the radius of the base. 


PROBLEMS 


X 


7 


In the following functions a; and y are independent variables, 

f\y. _ r)-y 


Form ~ and — 
ox dy 

1 . z — xy. 

2 . z = x 2 + y\ 


3. z=2 xy 2 +5 afy-f -6 x—S y. 

4. z = (x? -f y*)h. 


6. * = L±* 

1 -y 

7. z = ? ~ y 


tz v X 

o. Z = — 

y 


x + y 

8. a* + y* + ** = r*. 

9. z = ax? + by 2 . 

10. *-+t + z i =zl 

a 2 ^ 6 2 ^ c 2 


11. Find the equation of the plane tangent to 

2:2 — 4 1 / 2 4 -2z 2 = 6 at (2,-2, 3). 

12. Find the equation of the normal to a 2 "- 4 « 2 4- 2a 2 - fi 

at (2, 2, 3). ^ + b 

13. Denote the base of a triangle by a, it, altitude by y. 

unehange’d 88 °' “ 81 * h8 W 

diittlJt TT °' * ^ ° n * he ™»el varie, 

T h a U dlorinn Pe ’“T “ d inVetS ^ “ volume. 
That is, denoting pressure by temperature by t, and volume 

y ’ P ° V where c 13 a constant. Find the rate of change 


G 
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of pressure when the volume is constant. Also the rate of 
change of pressure when the temperature is constant. 


Art. 28. — Partial Integration 


Example. 


dz 


-Find z by integration when — = 3 yx + x* + y 2 

dx 

Since y is considered constant in forming —, terms of z con- 

dx * 

taining only y and constants have no effect on the value of —. 

dz . . dx 

Hence the integration of —, considering y constant, gives all 

OjL/ 

the terms of z which contain x, but it is necessary to add an 
arbitrary function of y , /(y), to cover the terms of z which do 
not contain x. This integration gives * 

z = *x 2 y + \x A + y 2 x + /(y). 

If the value of z is known for some special value of x, the 

value of /(y) becomes known and the result is determinate. 
For example, if z = 3 y 4- 5 when x = 0, /(y) = 3 y + 5 and 
z = %x*y + %x 4 + y 2 x + 3 y + 5. 


PROBLEMS 


Integrate, 

i. ^-=y 2 ^ 

dx 

2 •■^r = x y l 

dx 


k 


— 3 x . 


^ = xy 2 — 3 x . 
dy * ' 

. dz © o 
4. — = yr — xr . 

dy . 


dz 


e. ? = 

dx 


l k di = x + i y *- 

\ 

3 a 2 — 5 y, knowing that z = 3y 2 —7 when x 


= 0. 


dz 


z ^ = 2 y 2 — x , knowing that z 2 = 10 -f y 3 when x = 2 . 


dx 


PARTIAL DIFFERENTIATION 


83 



/ 


/ 




jvA Art, 29. — Differentiation of Implicit Functions 


Represent by Ax and Ay the corresponding changes in the 
values of x and y when y is a continuous implicit function of x 
defined by the equation /(x, y) = 0. 

By hypothesis f(x, y) = 0 and f(x + Ax, y - f- Ay) = 0. By 

subtraction f(x + Ax, y -f Ay) —f(x, y) = 0, whence, by adding 
and subtracting /(x, y -f Ay), 

[/(x -f Ax, y -f Ay) -/(x, y + Ay)] 

+ [/(*, V + Ay) -/(x, y)] = 0. 

Dividing the last equation by Ax and then multiplying numer¬ 
ator aqd denominator of the second term by Ay, there results 


( 1 ) 


/(x Ax, y -f- Ay) — /(x, y -f- Ay) 

Ax 

+ y + A ?/) -v) av _ Q 

Ay Ax 


± €, 


Now since by hypothesis y is a continuous function of x , 

/(x + Ax, y + Ay) -/(x, y + Ay) 

Ax 

_ /(a;+ Ax,y)-/(a;, y) 

Ax 

where c has zero for its limit when limit Ax = 0. Hence when 
limit Ax = 0, (1) becomes 

d/(x, y) 

+ = 0 and ^ =_ 

dx d V dx dx df{x, y) 


Representing /(x, y) by u, this result becomes 

- , ^ du 





dy _ dx 

dx du 
dy 


\ 


* * 
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Denoting by —— and — the values of the partial derivatives 
n s da* 0 dy 0 

— and — when x = x 0 , y = y 0) the equation of the tangent to 
dx dy 

the curve whose equation is u = f(x, y) = 0 at the point (a* 0 , y 0 ) 
is ( y — Vo) —' + (x — x 0 ) ^ = 0 ; the equation of the normal is 

dyo oXq 


dx 0 


(x 


*o)p=0. 


Let 2 be a continuous implicit function of the independent 
variables x and y defined by the equation /(a*, y, z) = ft 
Denoting by Ax and A z the corresponding changes in the 
values of x and z when y remains unchanged, 


whence 


fix + Ax, y,z + Az) —fix, y, z) = 0, 

fjx + Ax, y, z + A z) —fjx, y, z + Az) 

Ax 



When limit Ax = 0, this equation becomes 

3£f& + df( ?’ y ’ 2 ) ^ = 0, whence * 

dx dz dx dx 

In like manner, denoting by Ay and Az the corresponding 
changes in y and z when x remains unchanged, and passing to 
the limit when limit Ay = 0, 

dz 
dy 
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Representing f(x, y , z) by u, these results become 


dw 



du 

dz _ da 

and 

dz 


da d*£ 

• 


du 

dz 



dz 

5 "». 5 "°. and dUa 

the 

values 

da 0 dy 0 •- 

dz 0 




derivatives ~ when a = a 0 , y = y 0) z = z 0 , the equation 

ax ay dz 

of the tangent plane to the surface whose equation is 
u=f (a, y, z) = 0 at the point (a 0 , y 0 , z 0 ) is 

the equations of the normal are 

Denoting by 0 Z , 0,, 0 Z the angles made by the normal with 
the rectangular coordinate axes X y Y f Z respectively, 

du 0 


dx 0 


2 c W,du 0 2 \i 



cos 0, = 


dyo 2 dz, 

% 

with corresponding values for cos 0„, cos 0 Z * 

Example. — Find equations of tangent plane and of normal 

t0 f+ T + zJ = 1 at (2,1,* VII). 


Writing u = —+ ^- + z 2 — 1 = 0, — =_, _ 

94 ’ dx 9'by 

Hence when 


y 2 


du 2a du 


y ^=2 *. 

2 dz 


O -4 i /TT- d U 0 4 du 0 1 d?( 0 , /qpf 

^“2, 2/0 = 1, z„ = *Vll, „ ^=2, ^=* Vl1 - 
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The equation of the tangent plane is 

t(*-2)+i(y-i)+*vn(*-*vn) = o. 

The equations of the normal are 

ivn(*-2)-f(z-ivn)=o 

and ^ Vll ( 2 / — 1) — \ ( z — i Vll) = 0. 

For this normal 


cos 0 X = .3233, 0 X = 71°8'; cos 6> = .3638, 0 9 = 68°20'; 


cos 0 X = .8341, 0 Z = 33°29 f . 


PROBLEMS 

1. Find equations of tangent and normal to 

y 3 — 3 xy + a 3 = 0 at (x 0 , y 0 ). 

2. Find equation of tangent plane and normal to 

x 2 -f y 2 — z 2 = 6 at (3, 4, 5). 

3. Find angles made by normal to. x? + y 2 — z 2 = 0 at (2,0,4) 
with the coordinate axes. 

4. Find equation of tangent plane to xyz = 8 at (2, 2, 2). 

5. Find angle made by plane tangent to z = 2x? -j-4y 2 at 
(2, 1, 12) with XF-plane. 



Art. 30. — Successive Partial Differentiation and 

Integration 

If z =/(#, y)> the partial derivatives of z with respect to 

x and y, — and —, are in general functions of x and y. 

dx dy * A 

partial derivative with respect to a; of is called the second 

ViC if 

partial' derivative of z with respect to x, and is denoted by the 
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symbol 


dh 

dar 


Hence by definition — = — ^1. 

dx 2 dx dx 

dz 


The partial 


derivative with respect to y of ~ is called the second partial 

ox 

derivative of z with respect to x and y, and is denoted by the 


symbol 


d 2 z 


dydx 


Hence by definition 


dh 


notation ^ = 9 dz 


dh 


d dz 

dx dy 
d 3 z 


d_dz 
dy dx 


By a like 


d y dx 

An extension of this 


dy dy dxdy 

notation gives ^4 _ jL ^11 _^ z _ dh d 3z _ 

dor 3 dx dx 2 dy dx 2 dy dx 2 ’ dxdy dx dx d ?/ dx 

and so on. 


d dh 


3 X)f + yx 2 , dz 


d 2 z 

^4 = 12a; + 2y,_ 

dx 2 dy dx 


dx 


dh 


In this example 


dZ =6y+2x, ^=6xy+x ! , 

dy dx d t/ 

dh dh 


= Gy-f2 x. 


It is to be proved that this is 


dxdy dydx 

always true. The proposition may be formulated thus: 

If the function z=f(x,y) and its partial derivatives 
dz dz dh dh , , 

have determinate finite values, and z, 


dx dy dxdy dydx 

•r-, — are continuous functions of x and ?/, -~ z - 
dx d y dydx 


dh 
dxdy 


By hypothesis ~ = /(* + Ax, y) f(x, y) where £ de . 

da; Ax 

pends on x, y , and Ax, and approaches zero with Ax. It is 

convenient to write e = e 1 f l (x y y), where c x depends only on 

Aa; and approaches zero with Ax while f\(x, y) must be finite. 
Similarly 

Jt z — f(x-\-Ax, y -j- Ay)- f(x. 
ty dx A x Ay 

where limit - 1 & ^ y) when limit Ay = 0, must 

Ay J ’ 


V -f- Ay) f(x + Aa;, y) -\-f(x, y] 
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be finite, e 2 must vanish with Ay, and f>(x, y ) must be finite by 
hypothesis. 

In like manner — = + A . 7 /) —f( x > V) ± y) and 

dy A y 

d * z _ As, y-f Ay) — /(x+Ax, yd(Ay))—/(x, y-f-Ay)-f-./fo, y) 
dxdy Ay Ax 

± +A.r,^/)-/ 3 (.x, ?/ ) ± £<y . (a , y)> 

where e 3 must vanish with Ay, must vanish with Ax, 

limit -0 — f* i x ' when limit Ax = 0 must be finite, 

Ax 

and f*( x > V ) must be finite. It follows that when limit Ax = 0 
and limit Ay = 0, 

limit f( x + Aa? > V + Ay) -/(x + Ax, y) -/(x, y + Ay) -J-/(x, y) 


d 2 z d% 


Ay Ax 


dxdy dydx 


PROBLEMS 


Form **, ** $*, of, 

dx dx 2 dydx dy dy 2 dxdy 

l. 2 f = x*+y*. 2. z = x 2 y. 3. z = ^i^- 4. z = x(y—2) 


5. z = 


x 


x-f-y 


x—y 

6. z = x 2 y 2 . 7. z = x*y£, 


8. z = x 3 y“i 


d 2 z 


Integrate 9. — = x 2 y + 3x - 5y -f 2. Integrating, con- 


dz 


sidering y constant, ~ = £ xfy + f x 2 - 5 yx + 2 x +fi (y> 
Integrating again, considering y constant, 

* = - fyx 2 + x 2 -f/ x (y) • x +/ 2 (y> 

The arbitrary functions /j(y) and / 2 (y) become known if z and 
~ are known for some value of x. Suppose that when x = 0 ; 
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dz 

z = 1J + 3 > e x = y2 + 5 ' Then My) = r + 5, My) = y + 3, 
and the result becomes 

z = & a ?y + %x > + %yx t + x t + xy* + 5x+y + 3. 

d^z 

• 10 * dxdy = a; 2/ + 2x ““ 7 2/H-5, knowing that, when 
z == y — 2 and when y = 0, 

dx 
d 2 z 


x = 0, 


11 . 


dydx 


= 3xy>. 12. ~ = xy2__ 2 . 


cPz 

dy 2 


i3 - S=^-^ 


14. 


_d^_ 

da; 5 y 


= (x-3)(y-2). 


15. 


d 2 z 


dydx 


-=x(y~5). 


Art. 31. —Area op Any Curved Surface 

Let the equation of the curved surface be z = f(x, y) CO n- 
muous in a and y. Planes perpendicular to the X-axis at 

Cr>FV m dlVlde the giveD SUrface int0 stli P s of surface 

a v'- , Pla “ eS Perpendlcular t0 the y-axis at intervals of 
y divide thawrtnps into elements of surface abed. The 

strip ODEF = Seabed, and the given surface 


A =TCDEF IT ’Tabcd. 

* = ° x = 0 y = 0 

*lhis summation holds what¬ 
ever be the magnitude of Aa; 
and Ay. The projection of 
the element of surface abed 
on the XF-plane is the rec¬ 
tangle Oj&jCjdj, whose area is 
Ax Ay. The plane through ad 
and the line ab' parallel to 
a A intersects the prism which 



Fig. 80. 
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projects abed on the X E-plane in the parallelogram ab'c'd. 
Denoting by 0' z the angle made by the plane of ab'c'd with 

the X E-plane, area ab'c'd — . When Ax and A y ap- 

cos 0' z 

proacli zero, the plane of the parallelogram ab'c'd approaches 
the tangent plane to the curved surface at a, and the paral¬ 
lelogram ab'c'd approaches the surface element abed. Hence, 
when limit Ax = 0 and limit Ay = 0, 


x=OA y = BC x = OA y = BC x = 0A y ~ BC \,X AV 

H = 2 2 abed = limit 2 2 ab'c'd = limit 2 2 — L -^r 

x = 0 y = 0 x = 0 y = 0 x = 0 y = 0 COS U g 


-r“r-'ri+^+sw 

o J y =o ox 2 dyy 


d'/J 

Example. — Eind the area of the groin formed by the inter¬ 
section of the semicircular cylinders a* 2 -j- z 2 = r 2 , y 2 -f-z 2 = ? ‘ 2 - 
One-eighth of the surface of the groin is bounded by the 

cylinder z 2 =7’ 2 , the ZX-plane, 
the X E-plane, and the intersec¬ 
tion of the cylinders, which 
intersection lies in the plane 
y = x. Hence for this part of 
the surface of the groin 



dz 

dx 


% ^=0, 


and 

A = 8 


d V 


r-c-( 1 +a*d, 

Jx= 0 Jy =0 \ Z L ) 


=8rC =r r=*-*^i- l=8r r 

Ax = 0 Ay =0 (r 2 — x^2 Ax = 


—r X dX 


(?•*- arf 


= - 8 r\ (r 2 - x?)l + = 8 r 3 . 
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Art. 32. — Volume of Any Solid 

Denote by V the volume of the solid bounded by the con¬ 
tinuous surface * = f(x, y) and the coordinate planes XY, 
XZ, YZ. Planes perpendicular * 

to the X-axis at intervals Ax 
divide the solid into laminae 
LL 1 ', planes perpendicular to 
the Faxis at intervals Ay divide 
these laminae into prisms PP'* 
planes perpendicular to the Z-axis 
at intervals Az divide these 
prisms into elements of volume 
cid 1 . The volume of 


dd' = Ax • Ay • Az ; 



Fro. 82. 


x=PD 


the volume of PP< « * Ax • Ay . A Z -0 . Ax . Ay . A Z , where 0 
18 1688 UnUy ' When Aa ' J Ay ’ Az a PProach zero, volume 

of PP> = 2 dx.dy.dz-e-dx.diy.dz. Since 0 . dx ■ dy ■ dz is an 
infinitesimal of a higher order than Fdx . dy -dz = PD. dx ■ dy 

x=0 * J* 


i = PD 


in tne limit of the sum volume of PP’ =J dx-dydz. 

The volume of the lamina LL’ = F P P'- the volume of the 
solid is v ° 

TT *Z. 0A -r X ~ OA V = BC 

V = 2 LL'= 2 2 ppi' 

X —V z = 0 y=zO 


Hence in the limit 


J r»x-OA V = BC S*Z = PD 

L-o J,=„ J .. 0 dx dydz - 
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Example. — Find the volume of the solid bounded by the 

Z .. ZX.- plane, the XFplane, and 

Y the planes x=a, y=b, z=mx. 

In this problem 




y=b 


/vZ&iA ; 

/ / §/ 


Fig. 38. 




J s*x — a /*y = b s+z = mz 

[ ( j dxdy 

z = 0 */y = 0 c/* = 0 
s*z = a s*y = b 

--m\ I xdxdy 

%Jz — 0 c/y=0 

= mb j xdx = %mba 2 3 . 

Jz = 0 


Art. 33. — Total Differentials 


Let 'u =f(x, y) represent a continuous function of the inde¬ 
pendent variables x and y. Let A x u denote the change in the 
value of u corresponding to a change of Ax in the value of x 
when y remains unchanged; A y u the change in the value of u 
corresponding to a change of Ay in the value of y when 
x remains unchanged; A u the change in the value of u corre¬ 
sponding to a change of both x and y by Ax and Ay respectively. 
Then 

(1) A x n = f(x + Ax,y)-f(x,y) 

Ax 

(2) A n = /(«.y + Ay)-/(*,y) Ay> 

Ay 

(3) An =f(x + A x,y + A y) -f(x, y) 

_ f(x + A.r, y + A y) -f(x, y + Ay) . 


Ax 




f(x, y + Ay) -/(a;, ?/ 

Ay 


Ay 


_ f(x + Ax, y) -f(x, y) ± e Ar 

Ax 

I /fa V + Ay) - /fa y) XtJi 

Ay 
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where c Vanishes when A y approaches zero. If Aa; and A y are 
/ indefinitely decreased, becoming dx and dy, and the correspond¬ 
ing values of A,«, A„«, Ait are denoted by d z v, d y u, du respec¬ 
tively, equations (1), (2), and (3) become 


*»=%**• d “=t dx+d iy d y= d ^+^- 


dx 


The quantity d z u is called the partial differential of u with 

respect to a-; d„u the partial differential of u with respect to y ■ 

du the total differential of it. The equation du=du+du 

expresses the fact that the total differential equals the sum of 
the partial differentials. 

For example, if 


u = x‘ + f- X y i d,u = ^dx=(2x-y)dx; 


du 

^v u = 57 dy = y — x ) dy ; 


dy 


du =fx dx+d ij dy =V x -y) d *+Vy-x)dy. 


, a dlfferentlal expression (4) du = Pdx + Qdy, where P 
and Q are functions of the independent variables a and y, is 
said to be exact if it can be obtained by differentiating some 
unc ion () u—f{x,y). The differential of (5) is (6) 


du $ 

dU = dx dx + dy ’ and if ( 6 ) is identical with (4), (7)— -p 


d\i/ 

^ = T ^ e partial ^derivative of (7) is 

dydx 


d 2 u 


dx 
dP 


the 


partial ^derivative of (8) is = dQ 

dx dy dx 


Since 


dy ’ 

d 2 u d 2 u 


"*vy ox dydx dxdy’ 

the hypothesis that (4) is.exact leads to the condition 

Conversely, if dP--dQ dy dx 

dy dx’ th differential expression 

du = Pdx + Qdy can be integrated. All the terms of « which 
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contain x are found by integrating Pdx, considering y constant. 

That is, (1) u = ^Pdx 4 - Y , where Y stands for. the terms of 

u which do not contain x. To find Y form the y-derivative of 

(1) §0: = f Pdx 4- If the expression du = Pdx 4- Qfy 

dy dyJ dy 

can be integrated, — = Q. Hence — CPdx 4- —r^-= Q> an ^ 

dy dyJ dy 

m ,J*Pdx . Y can be found by integration if 


— = <2 —— 
dy dy , 

Q —— CPdx is independent of x . Forming the ^derivative 
dyJ 

of this expression, 


;(« - rJ pd ^ 


= d_Q_d_d_ 
J dx dx dy 


f 


Pdx 


= 5Q— d~d_ r Fdx = 

dx dy dxJ 


dQ_dP = 0, 

dx dy 


by hypothesis. Hence Y can be found by integration and the 
integral of the given differential expression becomes known. 
Consider, for example, the differential expression 

du = (3 xy 2 — x 2 ) dx — (1 4- 6 y 2 — 3 x 2 y) dy. 

This can be integrated since 6 xy = —. Integrating the 

d y dx 

first term of du } considering y constant, u= | x*y 2 — 4" 

Differentiating partially with respect to y, 

’ |^ = 3afy + ^==-l-6/ + 3afy. 

dy dy 


Whence 


dY 

dy 


= — 1 — 6 y 2 and Y= — y — 2 y* + C. 


Finally 


u = %3?y‘ i -\a? — y — 2y s +C. 


partial differentiation 
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PROBLEMS 


Form the total differential of 


1. u — xy. 


2 . u = 

y 


3. u = x?y, 


4. u — 


y‘ 


5. The pressure of a gas on the containing vessel varies 
directly as the temperature and inversely as the volume; 

that is, p = c-, where c is a constant. Find the change of 

pressure when the temperature remains constant; the change 
o pressure when the volume remains constant; the change of 
pressure when temperature and volume both change. 

Integrate the differential expressions: 

6 . du = (3 x 2 + 2 ax) dx + (ax 2 + 3y 2 ) dy. 

7. du=(x' + 3 xy 2 ) dx + (if + 3 a *y) dy. 

8 . du = (a? - 4 xy - 2 y 2 )dx + (y 2 - 4 xy - 2 x 2 ) dy. 

9 . u = ax 2 */. Show that »— + «—= 5 m 

dx dy 

10 . u = a ary 3 + hxy\ Show that + y ^ = 5 u 

°y 

' U ~~ t/)> where F(x, y) is homogeneous of degree n. 

Show that x~ + y~ = n • u. 

OX dy 

Ihe terms of F(x, y) are of the general form it r = Ax {n ~ r) y r , 
For all terms of this form + . u „ and the truth 

of the proposition follows directly. This is Euler’s theorem 
on homogeneous functions. —— 

If du f x (x, ?/) dx -f- fi(x y y') dy is exact and homogeneous 
of order n - 1, show that n . «t = x fl (x, y) + yf 2 (x, y) + C. 

Denoting the integral of the given differential expression 

^ u - f( x > y)> where f(x, y) must be homogeneous of degree 
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7i , since differentiation diminishes by unity the degree of an 

expression, du = ~dx-{-^rdy and n • u = x^ A-y^r- ^ 

ox dy ox dy 

d d 

given expression ( x , ?/), ~=/ 2 («, y). Hence 

f 

n-u = «/, (x, y ) + yf, (x, y). 

Integrate the following expressions : 

13. du = (2 y 2 x -f 3 y 3 ) dx + (2 ar*y -f- 9 xy 2 -f- 8 y 3 ) dy. 

14. dw = (y 2 -f 6 xy)dx - f- (2 a;y -j- 3 .t 2 ) dy. 

15. du = x~*y -f 6 y^) da; -f- (a;^ -f- 3 xy~' 2 ) dy. 


Akt. 34 . — Differentiation of Indirect Functions 
V 

If z = /( x, y) and y = F(x ), 2 : is said to be a function of # 
directly and also indirectly through y. Denoting by Aa;, Ay, 
and Az the corresponding changes in the values of a;, y, and z, 
Az =/ (a; -f- Aa;, y -f- Ay) — / (x, y) and A y = F (x + Aa;)— F (#)> 
whence 



and — = 
Aa; 

limit Aa; 


F (x + Aa;) — F(x) 

Ax 

= 0 , £ = f* + f* and =**(*)• 

dx dx dy dx dx 


Passing . to the limit when 


Example. — A point moves along the intersection of the 
paraboloid z = 3 x 2 -f 5 y 2 and the plane y = 2 x. Find the rate 

= 2 . 


of change of z and x. Here — = 6 x, 
rj* da; 

Hence — = 6 a; -f- 20 y. 
dx 


— = 10 y, and ^ 
5 y w da; 
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PROBLEMS 

Determine — when 
c dx 

1. a; 2 + y 2 -f- z 2 = 25 and y = 2x + 3. 

2. xr y 2 + z 2 = 0 and 2x~3y = 0. 

3 ' ^ + f i + l = 1 and ^ + 2/ 2 = r 2 . 

4 ‘ a* + & 2 + ^ =1 and tf- 3x y + x* = o. 

5. Determine ^ and ^ when w = z 3 and z = x + y. 

Art. 35. — Envelopes. 

f e( l ua ^ on /(*> y, a) = 0 represents a curve whatever the 

, value of a. By assigning to a all real values an, infinite system 
of curves is obtained. The locus to which every curve of this 
system is tangent is called the envelope of the system of 
curves. The equation of the envelope is to be determined. 

Let (1) /(*, y, a) = 0 and (2) f(x, y, a + Aa) = 0 represent 

any two curves of the system. Their points of intersection 
approach the points of 

i tangency of f(x, y, a) = 0 

with the envelope when Aa 

approaches zero. Hence 

the envelope may also be 

defined as the locus of the 

ultimate intersections of 
f(x,y,a) = 0 

* and f(x, y, a + Aa) = 0 F, °- 84 - 

when Aa approaches zero. The points of intersection of (1) and 

II 
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(2) satisfy f(x,y, a)=0 and /fa’. '!L « + A a) ~/0, V, a) = q 

Aa 

These equations, when Aa approaches zero, become 

A 

/(*> y, «) = o and —/(a, y, a) = 0. 


The elimination of a from the last pair of equations gives the 
equation of the envelope. 

In like manner the envelope of the singly infinite system 
of surfaces f(x,y,z,a) = 0 is found by eliminating a from 

d 

f( x > y> h a) = 0 and V , «, a) = 0. 


The envelope of the doubly infinite system of surfaces 
f(x,y,z, a ,b) = 0 is found by eliminating a and b from- 

0 r) 

f(x> y 9 *> a, b) = 0, —/(a, y, z, a, b ) = 0, ±f(x, y, z, a, b) = 0. 

Example. — Find the envelope of the system of circles with 
centers on the X-axis and radii one-third of the distance of 


center from the origin. 

2 

The equation of the system of circles is (x — a) 2 + y 2 = — , 

where a is the distance of center from origin. Differentiating 
with respect to a, — 2 ( x — a) =^. Eliminating a from the 

equations (a; — a) 2 + y 2 = ~ and — 2(x — a) = —, y 1 =\A 

y 9 

the equation of the envelope. This equation represents the 
two straight lines y = x and y = - - x. 


2V2 


2V2 


PROBLEMS 

1. Find the envelope of the system of lines 
when a + b = c, where c is a fixed constant. 


2+*- 1 
a b 
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2. Show that the envelope of the normals to the parabola 
?/ 2 = 2px is a semi-cubic parabola. 


3. Find the envelope of the system of ellipses 
* for which the area nab is constant. 

4. Find the envelope of the system of ellipses 
for which a -f- b = c, where c is a fixed constant. 



5. Find the envelope of the system of planes --f = l 

when abc = m, where m is a fixed constant. a b c 


6. Find the envelope of the system of spheres whose 
centers lie in the XF-plane and whose radii vary as the dis¬ 
tance from origin to center. 


CHAPTER. VII 


CIRCULAR AND INVERSE CIRCULAR EUNOTIONS 


Art. 36. — Differentiation of Circular Functions 

Denote by x the circular measure of an angle less than a 
right angle. From the figure triangle OPD < sector OPA . 

< triangle OTA. Hence 

ir 2 - sin x -cosa;< \r l »x<. £r**tan0 



and cosx< 


x 


< 


This in- 


Fig. 85. 


sin x cos x 

equality is true for all values of x 

less than -• When x approaches 

2 

zero, cos x approaches unity. Since 

— ‘ v — lies between two numbers, 
^ sin a; 

cos x and -, whose common limit is unity when x ap- 

cos x ... 

proaches zero, limit —-= 1 when limit x = 0. This limit is 

sm x 

fundamental in this chapter. 

Denote by u a continuous function of x which changes by 
A u when x changes by Ax. Then 

yX ^ sin u = limit sin (u + Aw) - sin u . Aw 

dx A u Ax 

— limit - s * n ^ ^ u * cos 1 u 4- Aw) . Aw 

Aw Ax 



m 
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• A u 
sin ~— 

limit ——— • cos (u -f — 
A u \ 2 

2 

cos u • — when limit Ax 
dx 


A tt 

Ax 


n il 

. — cos tt 
dx 


d . /tt \ 

= —- sin [ - — u 
dx \2 y 


= COS f — — ttV — 

\2 y dxV2 


= — sin u • 


dtt 

dx 


III. — tantt 
dx 


d . d 

cos m • — sin u — sin u — cos tt 

d sin« dx dx 


dx cos u 


2 dtt . • o du 

cos 2 tt --f- sin-u • — 


COS 2 u 


dx 


cos^ u 


du du 
dx __ dx 

cos 2 u 


= sec 2 u • 


du 

dx 


IV. _ cot u 
dx 


= — tan 
dx 


.1-“)-“■(!—)-s(l—) 


— cosec 2 u • — 


Y ll 

. — sec m 

dx 


d 1 
dx cos M 


dx 


sin tt 


du 

dx 


COS“tt 


sinu 1 dw du 

-— = tan tt • sec u • —-- 

cos tt cos tt dx dx 


TTT d 

VI. cosec tt 
dx 


= —sec 
dx 


(H 


-to(| 


cot tt • cosec tt • 

dx 
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VII. 

d 

— vers u 


dx 

VIII. 

d 

— covers u 


dx 


d /i \ 

du 

— (I — cos u) 

= sin u -- 

dx J 

dx 

d /i . •. 

du 

— (1 — sin u) 

= — cos u —-• 

dx ' 

dx 


Example I. — Differentiate cos (3 a* 2 ). 

£_cos (3 x s ) = - sin (3 .r) . it (3 x ?) = _ 6 * • sin (3 X s ). 

Example II. — Assuming that the relative rate of change 
of cos x and x remains the same as at 30° throughout the next 
10', calculate cos 30° 10', 

sin 30° = .5, cos 30° = .8GG03, and — cos x = — sin x. 

dx 

Hence at 30° the relative rate of change of cos x and x is 
— .5. Since x is the circular measure of the angle, it is 
necessary to express the increment of the angle in circular 
measure. The circular measure of an angle of 10' is 

= -0029088. To a change of .0029088 in the value of 
180 x 6 ° 

x there corresponds a change of — .0014544 in the value 
of cos x under the assumption of the problem. Hence 
cos 30° 10' = .86458. 


Differentiate, 

1 . sin (of). 

2 . sin (5 a’). 

3. sin (7 x\ 

4. 2 (sin X s ) 2 . 
6 . sin (3 a;) 2 . 

6 . 4 sin . 

7. 5 cos 2 (2#). 


PROBLEMS 

8 . sin x • cos (3 x). 

9. 7 x • tan (3 x). 

10 . cot 2 ( 2 x). 

11 . sec (x 2 ). 

12 . covers (3 x + 5). 

13. sin(2 a; —7). 

14. tan (3 —4 a;). 


15. cos 2 (5 x). 

16. tan (o;^). 

17. sin 7 a;. 

18. cos 4 a;. 

19. sin (3 x) 


20 . tan 3 a;. 

21 . cot 3 x. 
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22 . Find the rate of change of sin a: when x = 45°. 

23. Find the rate of change of tana; when x = 45°. 

24. Find the rate of change of cos a; when x = 240°. 

25. Find when sin a; changes half as fast as x. 

26. Find when cos x decreases half as fast as x increases. 

27. Find when tana; changes four times as fast as a;. 

28. Assuming the rate of change of sin x to remain the same 
as at 00° throughout the next 5', calculate sin G0° 5'. 

29. Assuming the rate of change of tan x to remain the same 
'as at 45° throughout the next 2', calculate tan 45° 2'. 


30 


^ = (« 2 - vrf and a; = a ■ sin 0. Find 


dy 


dx d6 

( ~r = a 2 • cos 2 0. 

(CO 

31 • ai ~ x (®* + “ 2 )t Fin <l ~ when x = a- tan 6. 

32 ‘ dL = ®*^~ a2 )*- Find when x = a- sec 9. 

33 ’ dL^ 3?( ' 2ax ~ 3 ^ 1 ' Find % when x = a(l — cos 6). 


34. Form ^ and ^ 

dx dx 2 


for circle x = R . cos 0 , y — R. sin 0. 

Since x and y are continuous functions of 6, if Ax, A y, and A0 
denote corresponding changes in *, y, and 6, limit Ax = 0 and 
limit Ay = 0 when limit A 8 = 0. For all values of A0, 

dy 

Ay Ad TT , ~ 

^ ‘ Hence when limit AO = 0, = 

— dx dx 

do 


r 
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35. Form d -' 

dx 

y = II— 11 cos 9. 

and 

cp,j 

dx 2 

for 

cycloid 

x = R6-R sin 6, 

36. Form C M 

dx 

and 

dhj 

dx* 

for 

cycloid 

x = R — R cos 6, 


y = R0 -R sin 0. 

37. Show that 2 tan x — tan 2 # has a maximum value when 



38. Show that tan x + 3 cot x has a minimum value when 



39. Find the maximum radii vectores of r = a sin (30). 

40. Examine sin x cos 3 x for maxima and minima.^ 

41. Examine sin x -|- cos x for maxima and minima. 
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42. Find the length of the arc of the sector which must be 
cut from a circular piece of sheet iron so that the remainder 
may form a conical vessel of maximum capacity. 

V = ^r 3 sin 2 # cos x. 

U 

43. A steamer whose speed is 8 knots per hour and course 
due north sights another steamer directly ahead whose speed 
is 10 knots and course due west. What course must the first 
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steamer take to cross the track of the second steamer at the 
least possible distance from her? 

Find the true values of, 


44. 


1 — cos x 
x 2 


when x =0. 47. — sm f cosx when x = 0. 


x 


45 . -—sinjr w j ien x __ q tan x — x 


x 3 


Aa sin® , . 

46. - when x = 0. 

x 


x — sin® 


when x = 0 . 


49. 


X sill X 

x — 2 sin x 


when x = 0 . 


50. Show that the radius of curvature of the cycloid 
x — RQ — 11 sin 0 y y = R — R cos 0 is twice the normal^ 

Art. 37 . — Evaluation of the Forms oo • 0, oo — oc ~ 

* CO 

If /O) • <#> (x) when ® = a takes the form oo . 0, 

f( x ) • <t> (x) = = 5 when x = ci, 

and the true value of the expression may be found by the 
method of Art. 26. 

If fix) 4> ( x ) takes the form co — oo when x = a, 


f(x) — <f>(x) = 


1 

/(*)' 


1 

1 


±(x) f(x) 0 


- when x = a, 


<K X ) f(x) <f> (x) 


and again the method of Art. 26 may be applied. The reduc¬ 
tion of the form oo - co to the form 2 can frequently be 
effected more directly. 0 
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1 

If y — — — when x = a, y — = 5 when x = a, and 

* <f,(x) oo ’ J 1 0 

f( x ) 

the method of Art. 26 gives 

— <t>' (x) 

+ t fix) 

- f'(x) \ <f> (*) 

I/(*)!■ 

Hence, y = y ; < ^ and y = = X_(?) when x = a. That 

/'(*) *(*) *'(») 

00 

is, tlie form — is evaluated in precisely the same manner as 

the form ?• 

0 


f'(v) 


when x = a. 


Example I. — Evaluate (a 2 — x 2 ) tan— when x = a. 

v J 2 a 

(a 2 — x *) tan ^ = 0 • oo when x = a. 

£ Cl 


(a 2 — x 2 ) tan ^ = 
v J 2a 


a 2 — x 2 0 , 

-= - when x = a. 

7 rx 0 


cot 


2 a 


Hence, (a 2 — x 2 ) tan ~ = 

2 a 


-2x 


7r 2 7 tX 

— — cosec 2 — 
2 a 2a 


= when x 


= a. 


7T 


Example II. 


Evaluate sec x — tan x when x = ?~ 


sec x — tan x = oo — oo when x = —* 

2 

sec x — tan x = s * n x = 2 when x = -• 

cos a; 0 2 


Hence, sec a — tan a; = 


— cos a; 


7 r 


= 0 when a; = - 
— sin a; 2 
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PROBLEMS 


Evaluate, 1 . (1 — x) tan ^5 when x = l. 


2 . 


1 7r 

4 x 


cot 


7TX 


when x = 0 . 


3. a; sin 2 — when x 

x 


= 00 


4. x cot x when x = 0. 


5. sec (3 x) cos (5 x) when x — - 


6 . 2 x tan x — tt sec x when x = 

2 


7. (1 — tan x) sec (2 x) when x = 

4 


Art. 38. — Integration of Circular Functions 


The eight formulas of Art. 36 may be written, 


s 


s 


II. 


fsinu- ( ^ = -cos u +C, IV. fc 


2 du 
ru • — = 

dx 


— Q,otu + C y 


S 


VI 


/ 


du 


cosec u • ~ = — cosec w -f- ( 7 , 

Qw 


i 


du 


VIII. J cos u • ~ — covers u 4- C. 

ax 


Example I. — Integrate ^ = x • sin (2 cs 2 ). 


This derivative has the general form sinw-—. Placing 

n. _ 9^2 du A - . dx 

9 dx~^ Xy an< * S lven derivative may be written 


r / 




> ( 

'A* v* 


It- - * 


<1 Vi ‘ 
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= i . sin (2 x 2 ) • 4 x. Hence, by the formula, 
dx 


f 


sin w • — = — cos w 4- C y y = — J cos (2 x 2 ) + (7. 
dx 


Example II. — Integrate ^ = sin 5 a; • cos x. 

dx 

Since —sin#=cos #, ^ = sin 5 x • sin #, aM^y=£ sin 6 a;+£7. 

av. r/.r 


dx 


Integrate, 


PROBLEMS 








dx 

dy 

dx 

dy 

dx 

dy 

dx 


= cos (4 x). 

= cos (2 # — 5). 

= x 2 • cos (#® 4 - 2 ). 
= sec 2 (3 x -f 5). 



0 ^ = cosec (|- #) • cot (4 x) 
dx 


7. 

8 . 

9. 



11 . 


12 . 


^ = i- cos-- 
dx x 2 x 

^11 = 3 sin (5 x — 7). 
dx 

^ = sin 2 x • cos x. 
dx 

^ = sin? a; • cos x. 
dx 

^L= cos 3 x -sin . 
dx 

^ = tan 5 a; • sec 2 x. 
dx 


Frequently an expression containing circular functions, when 
not directly integrable, may be transformed into an expression 
which can be integrated by means of the trigonometric rela¬ 
tions sin 2 # 4 - cos 2 # = 1 , see 2 # = 1 4 - tan 2 #, sin 2 # = \ — \ cos (2 x), 
cos 2 # = \ 4- \ cos (2 #), sin # cos # = £ sin (2 #). 

The last three relations are special cases of the formulas 

sin # sin y = \ cos (# — y) — \ cos (# 4 - y), 
cos # cos y = £ cos (# — y) + \ cos (# 4 - y)> 
sin # cos y = £ sin (a; 4 - y) 4 - ^ s * 11 (* “ 
which are frequently useful. 
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Example I. — Integrate ^ = sin 5 x . cos 2 *. 

ax 


Write 


— s ^ n5 * * cos 2 x = sin 4 x • cos 2 x • sin x 


= —(1 — cos 2 *) 2 . cos 2 x • — cos x 


dx 


2 /M ^ n/vn A* I A_i CZ 


cZ 


“ cos X—cos a; -f 2 cos 4 x • — cos x — cos 6 a; — cos *. 

ax dx dx 

Integrating term by term, y = -\ cos 3 * + f cos 5 * - * cos 7 * + G 


Example II. — Integrate ^=tan 4 * 

dx 

write ^ = tan 4 * = tan 2 * (sec 2 a? - 1) 

tan * • sec 2 * — tan 2 x = tan 2 * • sec 2 * — sec 2 x -j-1. 
Integrating term by term, y = $ tan 3 * - tan * + * + G 


Example III. — Integrate = s i u 4 Xt 

dx 

Write § = sin< * = S 1 - i cos ( 2 *)j 2 ■ 

= i - £ cos (2 *) + £ cos 2 (2 *) 

= i $ cos (2 *) { i. -j_ £ cos (4 

= f i cos (2 *) + £ cos (4 *). 

Integrating term by term, 2/ = f * - i sin (2 *) + ^ sin (4 x) + C. 

Example IY. — Integrate - y - sipi! x . 

dx cos 4 * * 1 i A „ 

Write gy _ sin 2 * _ s in^* 1 

dx cos 4 * cos 2 x ' 5oI^ = tan * • sec *• Integrating, 

y = itan 3 x + C. 
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Example V. — Integrate — = sin 2 x • cos 2 x. 

dx 

Write — = sin 2 x • cos 2 x = 4 sin 2 (2 a;) 
dx 

— i I'k ~~ i cos ( 1**0 l “ ¥ i cos *)• 

Integrating, y = £ a; — ^ sin (4 a) + (7. 

Example VI. — Integrate — = sin# cos4 x. 

dx 

Write ^ = sin x cos 4 x = 4 sin 5 a; — 4 sin 3 a;. Integrating) 
dx * 2 

2 / = — ^ cos 5 a; -f £ cos 3 a; + C. 


PROBLEMS 


Integrate, 

^ = sin 2 (3 x) • cos 3 (3 x). 8 . 

dx 

2 . ^ = sin 3 (£a;). 
da; 

■* 3 ' 1 ; = cos2 (2 x) - 

(i) ^ = tan 3 (2 a;). 

^ da; 

5. ^ = 3cos 3 a;. 
dx 

6 . — = 5 sin 2 (£a;). 
dx 

7. — = sin 3 a; • cos 2 a;. 
dx 


QL = sin 3 a; • cos 3 a;. 
dx 


9. ^ = sin 4 a; • cos 4 a;. 
dx 

10. ^ = tan 5 a;. 

da? ’ _ y- 

11 . ^ = cos 5 (3 a). 
dx v ' 

12. ^ = 3a:-silica.- 2 ) • cos 3 (a^)- 
dx 

13. ^ = a^- sec 2 (3 a,- 3 ). 

- da; 

14 dy __ sin 5 a; 
da; cos 2 a; 


Show that, m and ?i being positive integers, 

X 2tt 

• sin (mx) • dx = 0. 16. JL cos (m#) • dx = 0. 


CIRCULAR FUNCTIONS 


111 


J "2ir 

0 sin (mx) ■ sill (nx) ■ dx = 0 , m n. 

X 2rr 

cos (mx) • cos (nx) • dx = 0 , m ^ n. 

X 2 tt 

cos (mx) . sin (nx) . dx = 0 . 

2 °. JT ' cos 2 (mx) ■ dx = 21 . Jf 2 " sin 2 (mx) • dx = 


7T. 


Art. 39. — Integration by Trigonometric Substitution 

First derivatives with respect to x involving Va 2 - x 2 may 
be transformed into trigonometric derivatives by the substitu¬ 
tion x = a ■ cos 0 ; those involving by the substitution 

x~a- tan 0 ; those involving V** - a 2 by the substitution 

x — a - sec 0 ; those involving V2 ax - x* by the substitution 
x = a (1 — cos 6). 

' Example. — Integrate 


dx 


Placing x— a • sec 0 , ~ = a-sert) 

Hence, 1_. cos 2 6 _ 1 „ , , _ , 

<i0 da, d0 a? cos 3iY + l C0S ( 2 «)j. 


x 3 (x 2 — a 2 ) i 


^ ^ . /* / a 


I 




Integrating, y = I 0 + sin (2 0 ) j + ( 7 . From x = a ■ sec 0 , 

0 = sec- 1 ^, sin (2 0 ) = 2 sin 0 cos 0 = 2 -f 1 — 2a / T 2 n 2 \i 

a x\ x 2 ; a) ’ 

Finally, y = -L . sec" 1 - -f _J _(^2 _ 2 n£ , p 

2 a 3 a 2 +c * 


Integrate, 

1 . 

dx 


PROBLEMS 


(a 2 — x 2 )^ 


2 . = 

dx 


**(1 + x 2 ) i 




112 


DIFFERENTIAL AND INTEGRAL CALCULUS 


3. — = 


dy = 

1 


cfy = 

x> 

dx 

~~* . • 

a^(a^ — 1)* 

D • 

da; 

"(1-aO* 

dy_ 

a 8 

7. 



dx 

1? 

1 

1 

• • 

da; 

< 

1 

^0 

(Jy = 

3 

Q 

<ty = 

X 5 

dx 

’ (2 + x 2 )* 


dx 

Vl + x 2 


4. ^ = 


J 


5. ^ = 


10 . ^ = 


dy 

dx 


dy 

dx 


11 . ^ = 


(a 2 + x 2 ) 2 

1 

(1 - x 2 ) 2 ' 


9. dy = x‘(l-x‘)i- 

dx 

Substitute x = a • tan 0. 


12 . 


^ Substitute x^ = sin 0. 


. dx MX 
13. Find the area of the circle x? + y 2 = r 2 . 

A = 2f +r (^-x 2 )i-dx. Substituting x = rsin0, and 

noticing that when x runs through all values frmn + r to r, 

resul fl 






cos 2 0 • dO = 7T • r 2 . 


a -- r 

14 . Find the area of the ellipse = 1. 

ci 6 


15 . Find the area of the hypocycloid x% + ^ 

16. Find the volume of the solid generated by the revolu- 

8 a 3 

ion of v = ——; about the X-axis. 

x 1 -f- 4 cr 

^ and the 


17 . Find the area bounded by the curve y 2 = 

1 x * dx 


ine x = 2 a. A. —^|T 


(2 a — a;)^ 


2 a —x 

• Substitute x = 2 a • sin 2 0* 
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Art. 40. — Polar Curves 


Tangents and Normals.—Let r=/(0) be the equation of a 
continuous plane curve, P(?*, 0) any point in the curve, and 
P' (r Ar, 0 -f- A0) any other point in the curve. The ratio 
■— measures the average rate of change of r in the interval 

di* • ZSl?* 

A0, and — = limit when limit A0 = 0 measures the actual 

rate of change of r at the point (r, 0). 

The secant through (r, 0), 

(r -f Ar, 0 + A 0) approaches 
the tangent to the curve at 
(r, 0) as A0 approaches zero. 

Hence the angle AP'S ap¬ 
proaches the angle APT = <f> 
included by the tangent at 
(r, 0), and the radius vector 
to the point (r, 0) when A0 
approaches zero. Drawing a 
perpendicular from (r, 0) to 
AP\ 



Fio. 87. 


tan AP'S 


r • sin A0 


r -f- A?* — r • cos A0 


r 


= limit 


sin A0 
A0 


r sin 


A0 


— A- sin — + — 
A0 2 A0 


dO 

r • — when limit A0 = 0, 
dr 


• • 


z 
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X/ 


The distance AT from the pole to the tangent measured on 
the perpendicular to the radius vector to the point of tangency 

is called the polar subtangent; the 
distance AN from the pole to the 
normal measured on the same per¬ 
pendicular is called the polar sub¬ 
normal. From the figure subnormal 
dr 



AN.j, normal PS 



dO 


subtangent AT = r 2 • —, 
dicular from pole to tangent 

r 2 


AD 




dr*\i 


dO 2 



Asymptotes. — When in a polar curve r=f(0 ), for some 
finite value of 0 = 0 o , r becomes infinite and the subtangent is 
finite, the tangent to the curve at infinity passes at a finite 
distance from the pole and is called an asymptote. If the sub¬ 
tangent is positive, lay it off to the right of the radius vector 
looking towards the infinitely distant point of the curve; if neg¬ 
ative, lay off the subtangent to the left of this radius vector. 


Example. 


<— '-a.. * 

Examine r = - for asymptotes. 


•v 


dO 


For 0 = 0, r a= oo. The subtangent == ?* 2 . ^ Hence 



* 


J 


perpen- * 


w # « 

for 0 = 0, subtangent = — a, and 
the asymptote is obtained by 
laying off on the perpendicular 
to the polar axis at the origin to 
the left when facing in the direc- ^ 


tion 0 = 0 the distance a and drawing the perpendicular PT. 
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PROBLEMS 

1. Find the subtangent of r — a • 0. 

2. Find the subtangent of r 2 = a 2 • cos (2 0). 

3. Examine r = ^~ for asymptotes. 

<9* 

4. Find the angle under which the radius vector cuts 



5. Show that the radius vector cuts r = a 0 under a constant 
angle. 

Length. — Denoting the length of the curve r = f{6) from 
0 = Q 0 to 0 = 6 lf by s 
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Area. — Denoting the area bounded by the curve r=/(0) 
and the radii vectores to the points (r 0 , 0 O ), (r l9 0j) by A, 


0 = 01 


A = limit 2 i 'i' 2 • A0 


0 = 0o 


/*01 r . 

= if ^ 

c/ 00 


■ dO . 


Example. — Find the length and the area of the cardioid 
r = a (1 + cos 0). 

The length 

s=2 X 


•2 i . rJA = 9, C S (n. -L a . poq ff\* 4- /7 2 . sin 2 ^l ^dO 


’'+;i 


r{ (a 4 - a • cos 0) 2 + a 2 • sin 2 0 

= 2aj V2 (1-f cos 0) -c70=4a - cos^0*d0=8a(sin|0) ( J r =8a. 

The area -4 = 2* ?- 2 • d0 = a 2 (1 4 - cos 0 ) 2 • dO 

= a 2 J^ (1 -f- 2 cos 0 -f- cos 2 0) • dO 

= a 2 r ( | -f- 2 cos 0 -f- £ cos 2 0) dO 
*1° . 


= a 2 1 f 0 -f- 2 sin 0 4- \ sin20 




f Tra 


2 


PROBLEMS 

1. Find the area of the lemniscate r 2 = a 2 • cos 2 0. 

2. Find the area of r = 2a* sin 0. 

3. Find the length of r = a • sin 3 -. 

^ 3 

4. Find the area of one loop of r = a • sin (2 0). 
Find the area of r = a • sec 2 ^ from 0 = 0 to 0 


7T 

2 


6. 
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Art. 41. Volume of a Solid by Polar Space 

Coordinates 

The polar space coordinates of a point are r, <£, and 0. The 
conical surfaces corresponding to 6 and 0 + AO include a 
conical wedge of the volume 
to be determined. The planes 
corresponding to 4> and <f> + A<j> 
cut from this wedge a solid of 
the nature of a pyramid. The 
spherical surfaces corresponding 
to r and r + Ar cut from this 
pyramid an element of solid 
which, when A r, A<f>, and A<9 
are indefinitely decreased, ap¬ 
proaches as its limit the rec¬ 
tangular parallelepiped whose dimensions are ab = Ar, 

ad = r ' cos * • A*, ac = r • A0. Hence in the limit the element 
of volume = r 2 • cos 0 • dr . d<f> . dO, 

the pyramid = jT^ r 2 • cos 6 • dr . d</>. dO, 

the wedge = £ # ' r 2 . cos 0. dr. d* . dO, 

and the entire volume 



J*= 0 X = o J r= o ^‘ c os 0-dr-d<t>-d0. 

For example, let it be required to find the volume of the 
Rectangular spherical pyramid, the radius of the sphere 

-X emg a- In this P roblem r extends from 0 to a, 6 from 0 to ", 
<t> from 0 to Hence. * ^ 

4U 
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r 2 • cos 0 • dr *d(j> *d$ 


= ^ 3 C 2 f 2 cos 0-d<f>-d0 

i3 i/ 0=0 t/0=o 


= 7r« 3 /*•■? 

6 *70 = 0 


2 cos 6 -dQ = 


7TCV 


6 


Art. 42. — Differentiation of Inverse Circular 

Functions 

To differentiate y = sin -1 ?*, where u is a continuous function 
of x , write sin y = u y and differentiate with respect to x. 

du 

There results cos y • ^ whence ^ ; and, since 


dx dx 


dx cos y 


cos y = Vl — sin 2 y = Vl — u 2 y sin 1 u = 


du 

dx 


In like manner — cos -1 w = 


dx 


dx dx 

du 

dx 

Vl — u 2 


Vi — u‘ 


A 

dx 


A 

dx 


cot” 1 u = — 


du 

dx 


tan” 1 u = 

du 
dx 


du 
dx 

I +u 2 ’ 


A cosec ” 1 u 
dx 


1 + u 

_ du 

dx 


2 > 


A sec” 1 u 


u 


Vu 2 — l* 


<2 i 

— covers” 1 w 
dx 


A vers” 1 w 

dx 

— 

dx 



-yj2u — v? 
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x ample. — Differentiate tan 


1 a 


1 + 


d_ 2 »_ 

d { ^-\ 2 a dxl — x 2 _ (1 — x 2 ) 2 

dx 1 — x? ~~ / 2 x V 7T 4a 2 

\ 1 - orV + (1 - or) 2 

= 2(l-g 2 ) + 4s 2 = 2 (1 -f- or) = 2 

(1 — a 2 ) 2 4- 4 x 2 1 -f 2 a 2 4- a 4 1 + xr 

It appears that ~ tan -1 —^= 2—tail -1 a, which is as it 

dx 1 — xr dx 

ought to be, since tan " 1 — ? = 2 tan " 1 x by trigonometry. 

JL 3T 


Differentiate, 

1 . sin -1 (3 a). 

2 . 3sin _1 ^« 

2 


PROBLEMS 


4. tan 


_ x 2 a 

3 


5. 5vers -1 - 

5 


7. sec ' 1 (a 2 ). 


8 . cot 


3. sin 1 (3a-|-5). 6 . 3 a 2 4 * 2 cos l x. 9 . 5 tan -1 ? 


10 . cot 


11 . Show that — sin - 1 


_ X 1 — a 
1 -f-a 


- 7 - sin 1 (3 a — 4 a 3 ) = 3 — sin -1 a. 
dx ' dx 

^ I! - ---i?_i 


12 . Form ^ and ^ of equation of cycloid 


Here 


dx 

dy 


x = r vers -1 ^ — V 2 rv—y 2 . 

^ - r ,_ 

— y = hence & = 

y/2 ry—y 2 dx * y 


Squaring, ^ = — — 1. Differentiating, 2 ^ ^ = 

2/ ^ dnj dcij 

Whence, ^ = -L. . _ i 

d* 2 j ^ jrsf sf? ' “7 


2r dy 
y 2 da 


¥ Y ^ 
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13. F orm 

^ and ^ of cycloid y = r • vers -1 - -j- V 2 rx — x 2 - 
dx dx- r 

14. Find length of cycloid y^=r- vevs~ v - 4 - V2 rx — ar. 

15. On a pedestal 25 feet high stands a statue 11 feet high. 
Find the distance from the base of the pedestal of the point in 
the horizontal plane through the base at which the statue 
subtends the greatest angle. 


Art. 43. — Integration by Inverse Circular Functions 


The results of the preceding article when - is substituted 
for u may be written in the form, a 

du 

-tan -1 --f G\ 
a a 


V d 2 — u 

du 


s 


Va : 


U‘ 


v-V. 


j 


VII 


/ 




du 

,u ^ 

"s +c - 

m. j 

‘ f/.T __ 

a 2 4- _ 



du 

-’i+ C-, 

a 

iv / 

* r/.T 

a 2 -bu 2 ” 

du 



• dx 

1 

— = — sec - 

• 

u^Ju 2 — 

a 2 a 

du 



* dx 

1 \ u . n 

— — —ensep. 1 —1- (h 

1 

> 

- - vv/k/v/ 

a 2 « 

a ' 7 

du 



dx 

— = vers 


-\/2 au — 

u 2 


VIII 


f 


du 

dx _,u ~ 

— = covers - 4- C. 

V 2 au — u 2 a 




CIRCULAR FUNCTIONS 


121 


x 


i 


Example. — Integrate ^3 = 

d x V 2 — 4 x 3 
du 

dx 


This derivative has 


the general form 


Va 2 — u 2 


Placing w 2 = 4 x 3 , u = 2x* and 

d 


d?i 

dx 


I 


= 3 x* Writing *3. = _ 

dx V2-4x* 3 V2 - 4 x 3 

2 / = | sin - 1 (■V 2 • ®i) + C. 


Integrate, 

1. 

dx 

2 . %L = 

dx 

5. ^ = 


PROBLEMS 


4 +9a/ 
2 


*/_ sc 


xv3 x 2 — 5 


x 


3. ~ —- 
dx 1 4 - x 4 * 

4 . 3 

dx V5 x 4 — 2 x 2 


dx 1 + x 2 -^ e ^ uce ^proper fraction to mixed number. 


6 . 

dx x 4 4 - 4 

7. 1 

V 6 x — x 2 

8 . ^ — a* 

‘ dx vnr^i' 


12 . 


dx x 2 — 6 x 4-11 

2/= 4 tan “ 1 ^ +G 

13. gg- 1 

d ® Vl +3x —x 2 


9 . dy __ tan~*x 
dx 1 4 - x 2 * 

10. sin-'a; . 

da -\/i — 

11 dy __ sec " 1 x 
dx xy'JTTT 

_d 
dx 


Since ^3 =_1 


(x—3) 


dx 24-(x-3 ) 2 2 4 -(x— 3) 
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14. The time of descent of a body down the arc of the 

vertical frictionless cycloid x = r • vers -1 - + V2 ry — y\ from 

r 


Y 



y = h to the vertex, is t 



x 


dy 


Show that the 


( JJ * /0 V hy — y 2 
time is the same for all positions of the starting point. 

15 . A body is suspended on a frictionless horizonal axis, 
turned through a small angle 6 0 , and then left free under the 

action of gravity. This constitutes a 
compound pendulum. The relation be¬ 
tween 0 , the angle the pendulum in any 
position makes w r ith the vertical and 
the time t measured in seconds after the 
pendulum is started, is expressed by 

the equation ^ = ~ '^ 2 0, where g is 

dr Jr -f- A*i 

the acceleration of gravity, h and Th are 
constants depending on the shape and 
material of the pendulum and the posi¬ 
tion of the axis. Find the time of a 
In this problem, when t =■ 0, 6 = 



dQ 


= 0. 
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16. In strength of materials it is 
proved that for any point (x, y) of the 
elastic curve of a long column 



where E and I are constants depending 
on the material and cross-section of 


the column; P is the load. Calling 
the maximum deflection A, when y = A, 

^ = 0, and when x = 0, y = 0. Find 


the equation of the elastic curve. 



Fa;. 44. 


Art. 44. Radius of Curvature 

If a point moves in the circumference of a circle, the 
tangent to the circle at this point changes its direction. Sup¬ 
pose the point to start from A. When it reaches B, the tangent 
has turned through the angle 

T'ST = AOB. The ratio of the 
I angle AOB to the distance AB the 

I 
■ 

point has moved along the circle is 
i called the rate of curvature of the 

circle, and equals —- = ±. That is, 

I the rate of curvature of the circle 
is the reciprocal of the radius of 
the circle. 

If a point moves along any curve y=f(x ), the ratio of 
the angle through which the tangent turns to the distance 
the point moves is called the average rate of curvature of the 
curve for the distance the point moves. Denoting by A</> 
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the angle through which the tangent turns while the point 
moves a distance As along the curve, the average rate of cur¬ 
vature is The actual rate of curvature at any point (x, y) 

As A , -j, 

of the curve is the value at (x. y) of limit —— = when 

r *4- a o ds 

limit As = 0. 

The reciprocal of the rate of curvature at any point ( x , y ) of 
the curve is the radius of the circle which has the same rate 
of curvature as the curve at the point (x, y). The reciprocal 
of the rate of curvature is called the radius of curvature, and 


ds 




is denoted by /vscrthat ^ == — 1 . Now v <£ jtapy 1 ^, hence 


ds ds dx 


P =T 7 = 


defy dx defy 


defy 

ds 
dx 

defy 

dx 


<?y 

dx 2 


1 + d£l\Clsf> 



d?y 
dx 2 


1 + 


dtf 
dx 2 


The analysis supposes that the curve is such that y is a 
continuous function of x , and <jy a continuous function of s. 

If the equation of the curve is given in the form x=fi (t)j 

dy 

y=M0> and 


d 2 y 

dx 1 


r 


dx 
dt 

dy 

A. — 

dx dx 
dt 


dy 

d dt_ 1_ 
dt dx * dx 
dt dt. 

’dx? 


d?y> 

dt 2 


dx 

dt 


d 2 x 
dt 2 


dy 

dt 


dx? 

dt? 


P = 


. <5C\t 

dt 2 dt 2 J 


d 2 y dx _ d?x dy 
dt 2 dt dt 2 dt 


Hence 
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For a polar curve r =f(Q), x=r- cos 6, y = r ■ sin 0. Hence 


dx 

dO 


= — r • sin 0 -f- cos 6 


dO’ 


= — r. cos e — 2 sin e • ^ + cos 6 
d6- cW dff 1 

^ • cos 6 + sin 6 • —, 

g = -r.sintf + 2costf.g+sinfl.g. 


J.V .V .V .V V 

Hence for a polar curve p = 


_ \ CUJ) 

r 2 + 2 — — r ■ — 
d& d6- 


A circle of radius p, placed so that the circle and curve 

V=f( x ) have a common tangent at (a;, y) and lie on the same 

side of the common tangent, is called the circle of curva¬ 
ture Of y = f(x) at (x, y) ; 

the center of the circle is Y 


called the center of curva¬ 
ture of y=f(x) at (*, y). 
Denoting the coordinates of 
the center of curvature by 
a and /?, 

(1) a == x — p . sin <£ 




Fio. 46. 


( 2 ) p = y -f- p . cos £ y _J_ 
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The locus of the center of curvature as the point (x, y') traces 
the curve y=f(x ) is called the evolute of y = f(x). The 
equation of the evolute is found by solving ( 1 ) and ( 2 ) for x 
and y in terms of a and p and substituting in y = f(x). 

Example I. — Find the radius of curvature, coordinates of 
center of curvature, and evolute of the parabola y 2 = 2px. 

Here = — — 3 > hence p = — a = 3x+p, 

dx y dxr y 3 p 2 

y 3 Q 

/? = — — 2 ; the evolute is ft 2 = —— (a —p) 3 , a semi-cubic parab¬ 
ola. The radius of curvature to the parabola at the vertex 
( 0 , 0 ) is p ; at the extremity of the latus rectum (\p,p) the 
radius of curvature is 2 V 2 • p. 


Example II. — Find the radius of curvature of xy 
the point (1, 4). 


= 4 at 


For this curve — = — —, C ^L = — 

dx x 2 dx 2 x 

g=8. Hence P = \(lrf. 


I’ At ^ 4 )'I = 


-4, 


PROBLEMS 

Find the radius of curvature of 

1 . y 2 = 4® at (1,2); (0,0); (4,4). 

2 - f + I = lat (3,0)j (0,2). 


+ k = I- 


4. t 


y _ 

5. a? = vers -1 -—V2ry — y 2 . 

6 . x = v-t, y = %g.t 2 . 

7. x = acos<f>, y = bsin<l>. 

8. x = R . 0 — R . sin 0, y = It — R - cos 0. 
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9. 

• 

ii 

§\ 

<N 

12. 

r — a (1 

— cos 0). 

10. 

x 5 -f- ?/3 = aA 

13. 

• 

a 

II 

cos (2 0). 

11. 

y = sin x. 

14. 

Q»* 

8 

H 

** 







CHAPTER VIII 


LOGARITHMIC AND EXPONENTIAL EUNOTIONS 


Art. 45. — The Limit of (1 + - ) When Limit z — oo 

z 


Assume first that z takes only positive integral values 
By the binomial formula, 

j + -V=l + + 

mj m 


1-2 


m (m — 1) (m — 2) 1 

* ^ ^ ^ o l" 




1-2.3 


• • • 


m' 


m(m — 1) (m — 2) ... (m — n -f- 1) 1 

1 • 2 * 3... n 


m 


. m (m — 1) (m — 2) ... (m — n + 1) (m — n) 1 ,_ 

1 • 2 • 3«4 •«• n * (n -|- 1) m n+1 

, m(m —l)(m — 2) — \ m — (m — D\ 1 

• -4 /% _ 


I- 2.3.4... 


m 


m 


m 


i) 

mj 


i-I 

Bi+i +TTi i +— ' / + 


• • • 


1.2.3... 


n 
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This expansion is true for positive integral values of m how¬ 
ever large m may be taken. Denote by S the sum of the first 

n + 1 terms of the expansion, by R the sum of the remaining 
terms. Then the equation 


limit ^1 + ^ = limit S + limit R 


\ * s always true. When m is indefinitely increased, 

limit S = 1 + 1 + -i- q-1- 1 -1 _i_ 1 

1-2 1-2.3 1-2.3-4 1-2.3-4-..n 


Since R <- - -i —- _l _ 1 _i_1 

1*2.3 • * * 7i (.71 + 1 (n + l) 2 (n _|_ 

+ (n + 1)” } ’ 


1 ) ; 


+ 


when 77i is indefinitely increased, limit R< ____ 

XT 71 (1-2.3*.-7l) 

Jsow n may be taken so large that limit R becomes less than 
any quantity that can be assigned. Hence, when limit m = oo, 


‘“K 1+ s) 


■*, = limit 11 +1 -f — H--- 1 - 


1*2 1.2*3 : 1-2.3.4 


+- 1 _ X 

1 *2 *3 *4 ... 71 ) 


when limit n = oo.' 


e 
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The value of limit (l + —^ when limit m = oo to nine 

V 

decimals is 2.718281828. This limit is the base of the Napier¬ 
ian system of logarithms and is denoted by e. 

Next assume that z may take fractional as well as integral 
positive values as it approaches infinity. Denote any one value 
of z by s, and let m be an integer such that m < s ^ m +1. 

Then [ 1 H-—< (^1 -j- <( 1 -f —\ , which may be 

m + V V S J \ 


1 + 


m +1 


written 


m -f-1 


i + 


m 1 


i+iy</W-YVi+- 

sj \ mJ \ m 


When limit s = oo, limit m = oo. Hence when limit 5 = oo, 
limit fl lies between two quantities whose common 

V S J / py . 

limit is e. Consequently limit (1+“J =e when limit s = co. 
Lastly assume that z = — r, and that limit r=oo. Now 

limit (l-*) '= limit (^-=Nj limit 


= limit f 1 H- 

\ r — 1 


when limit r = oo. 


— limit (i + -( 1+ ^l)- e 


It appears that in every case, when limit z = oo, limit 

• + 

A 4- -J = e = 2.718281828. This limit is fundamental in this 

^ ^ ^ * A * % 


chapter. 


/ ! * A'/ „ 

/, tv ‘ 0- ' u 


Mi is v '■ 




P 1 ‘ 
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Art. 46. — Differentiation of Logarithmic Functions 


Let u represent a continuous function of x, and denote by 
Au and Ax- corresponding changes in u and x. Then, if a is 
the base of the system of logarithms used, 


A 

dx 


lOga U = 


limit * oga ( n + ~~ 

Au Ax 

lo g .!L + AM 

= limit 1- 

u Au Ax 

u 

i 

= limit - • log a (1 -f . A 

u \ u J Ax 


= limit 

“ *!0ga 

• 

1 


XI Au 
• t 


U 


u 

Ax 




Au d 



du 




= ] og a e 

dx _ 

•— when 

u 

limit 

Ax = 0. 


For by the nature of logarithms the difference of the loga- 
rithms of two numbers is the logarithm of the quotient of the 
numbers, and the logarithm of a number affected by an ex¬ 
ponent is the exponent times the logarithm of the number. 
Since u is a continuous function of x, limit Am = 0 when 

limit A* = 0. Writing ~ = z, when limit Am = 0, limit z — oo. 


Hence limit 


1 + 


Au) 


x * 


Au 


when limit Aa: = 0 equals limit ^1+ 1 Y 

j-a iJL i 

when limit z = oo • 

Calling, as is customary, log„e the modulus of the sys¬ 
tem of logarithms whose base is a, and denoting it by M, 
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du 


fj (/ 7 / • 

— log 0 w = M —; in words, tlie derivative of the logarithm of 
dx u 


a function of x is the modulus of the system of logarithms 
times the derivative of the function divided by the function. 

du 


In the Napierian system of logarithms — log e u = - 

dx u dx 


Unless otherwise specified, the Napierian system is to be used. 


Differentiate 



l 0 *Vnr! 






* 

( 

* V 


d 


dx 


i {log (1 - 3) - log (1 + x) j 




I 


_ l( - 1 _ 1 _) 

^(1-* 1 + a: j 1- 


- y 'k 


a; 2 


Differentiate, 

PROBLEMS 


1. 

log X?. 

4. log(a^). 

7 . log tan a;. 

2. 

log-. 

5. log 2 a:. 

8. logVl — 

3. 

X 

log (3x — 5). 

6 . log sin a;. 

„ . i - 

10. 

log tan £ x. 

13. 

log-- - . 

11. 

logJ 1 - 008 *. 

* 1 4- cos x 

-« 




14. 

log (x -f Vl +• a? 2 ). 

12. 

log - . 

cos# 

15. 

log (x -f- vV -f-a 2 )* 


16. log (a; + Var“ — a 2 ). 


Find the true value of, 


17 . .. ] °gwhen a: = 1 

(1 - x)i 


18. 


logo; 


x — 1 


when x = l. 




■~1 




* 
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19. 

^ Qga? when x = oo. 

22. 


x n 

20. 

—when x = 0. 

23. 


cot X 


21. 

logtan(2at) when x=0 

24. 


log tan x 


22. x m log"x when x = 0. 


x 

x — 1 


log x 


when x = 1 


(ir - 2 a;) 2 


Art. 47. — Integration by Logarithmic Functions 


The result of the preceding article may be written 


du 


ft 


a . 8 -> 


/ dx r du n 7 

■^ = J u_1 '£ = log,M + a ^..^3 


0.. ■< 


Example. — Integrate ^ = —-—. ,, / 

da; 1 + a 2 /V/ 

p The first derivative of the denominator is 2 x, hence 

^ I“§TTi-“ as -l log - (1 + ^ + c 

, PROBLEMS 

Integrate, 

- dy _ 1 4- 3a; d?/_ 2a; -f 3 




and y = ^ loge C 1 + a 2 ) + c. 


PROBLEMS 


’da; 2 x + 3 x 2 ’ dx _ x 2 -f 3 x 


dy 


dx 


3a; 4 
ar % + 7 


dy 

dx 


= tan x. 


dy __ rtx 
dx a 2 + x 2 


dy 

dx 


cot X. " 


7. JL. Writing ^ = —— =- L 

dx sin x dx sin x 2 sin 1 x • 


cos£x 


sec 2 1 x • — (4- x) — tanix 

dx v dx * 


) 


!““-!* =_ dx^ = dx _L, y = log tan lx + C. 

tan^x tan^x ; j tan£x 

V- v - i 1 ^ * ;J 
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8 . &= 1 


dx cos x 


9. ^ = 


die it (1 + a: 2 )' 


Substitute x = tan 0. 


10 . f = 

ax 


Va ,* 2 + « 2 


Write Va,* 2 -f a 2 = 2 — x, whence 


t 2 dx _ z — x dy _dy dx _ 


2 = x’-f-va^ + a 2 , — =- , 


= and 

2; — it* 2; 2! 


2/ 


= log, 2 + C = log, (x -f Va? + a 2 ) + C. 


11 . &= 


da; V it* 2 — a 2 


12 . &= 

dx 


Vx 2 + 2x 
d 


Writing 


% 


da; 


0 + 1 ) 


vO 2 + 2 sc V(*+l) 2 -l d - B V(x- + 1) 2 -1 


^ and 


y 


= log 50 + 1)+ v'ar ! +2a!j + C. 


dy _ 2 + 3 x 
dx~ 1 + as* 
term by term. 

dy _ m + v x 
dx a 2 + a" 


Write ^ = -I— + and integrate 

dx 1 + x s 1 + x? 


dy _ log 2 x 
dx x 


16 dy = log^. 

dx x 



dy__ x* 

dx a? + 1 


Eeduce —to a mixed number. 
a? + l 



Fio. 47. 


18. Find the area of xy = 1 from x — 1 to 
a; = a;'. 

19. If A is the cross-section of a bar of 
uniform strength at a distance y from the 

lower end, — = ^LlA where w is the weight 

dy S 

of the bar per cubic foot, and S is a constant 
depending on the material of the bar and the 
area of the lower end. Find the relation 

between A and y. # 
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Art. 48 . — Integration by Partial Fractions 


The function of x defined by ZM is called a rational frac¬ 
tion when x does not occur affected by a fractional exponent 
or under a radical sign. 


If the numerator of the rational fraction ZM i s not of 

lower degree than the denominator, the give? faction may 
always be transformed by division into the sum of an integral 

function P(x) and a rational fraction Zg) whose numerator is 
of lower degree than its denominator. For example, 


ar +1 


Consider the rational fraction Zg_) whose numerator is of 

lower degree in x than the denominator. Suppose the denomi¬ 
nator <t> (x) to be of degree n, then /(*) cannot be of higher 
degree than n -1. By a theorem in algebra <j> (x) can be 
resolved into n factors of the first degree, and imaginary fac¬ 
tors must occur in conjugate pairs. The product of a pair of 
conjugate imaginary factors of the first degree, 


(* c d V— 1) (a; — c + d V— 1) = (x — c) 2 + d\ 

a real factor of the second degree. Hence <t> (x) can be resolved 
into real factors of the first and second degrees. 

Let <Hx) = (x-a)(x-by\(x- c y+d : ‘l\(x-ey+f !! l'■ It 

is proposed to break up the fraction Zg) into the sum of par¬ 
tial fractions whose denominators are the factors of <f> (x), and 

in every partial fraction the numerator is to be of lower degree 
than, the denominator. % 
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Assume 


B x 


/O) - A Y - 

<p (x) x — a (x — b)' (x — b) 


— 4* 


B 2 , B s 


8-1 x — b (x — c) 2 4 d 


Cx 4 D 


4 


E x x 4- Fi 


4 


E%x 4 F% 


\(x-e)*+ PY {(x-e)*+r \ 


‘ -1- 

2|M t (v _ 


E t x 4 Ft . 


(x — e 2 ) 4 / 


The number of undetermined constants 


A, B ti B 2 , B„ C, D, E u F lt E» F„ E„ F, 


introduced equals the degree of 4>(x). Multiplying both 
members of the identical equation by <£ (x), the right hand 
member will be of degree n - 1 in x, while, by hypothesis, 
f(x) cannot be of a higher degree than n - 1. Collecting the 
terms of like powers of a; in the right hand member, the co¬ 
efficients of the resulting n terms are linear in the n undeter¬ 
mined constants. Hence, by equating the coefficients of 
corresponding terms of both members of the identity, there 
result n equations linear in the n assumed constants. 
These equations determine the assumed constants uniquely. 

Hence the fraction can be broken up into partial frac- 

9 (®) 

tions of the form assumed and in only one way. 

A few examples will explain the process of breaking up a ^ 
fraction and show the importance of partial fractions in 

integration. 


4 


cc 3 — 1 


Example I. —Integrate £ = a;2 _ 4 


x* — 1 


a»-l_ 


Transforming to a mixed number, --: = * + 


X 2 — 4: 


X 2 — 4: 


4x —1 


Assume 


4 x — 1 _ A 


4 


B 


4-4 a; 4 2 » - 2* 


Mi 


4x-l = (A+ B)x+(-2 A + 2B). 


whence 
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Equating the coefficients of like powers of x, 

A + B = 4, -2A + 2 B = -l, and A = f, B = \ 

Hence, d J> = °£=1 = x + - X ~ 1 = * + 3 -J— + 7 - -i— 
dx x* — 4 a^ — 4 4 a; -|- 2 4 a; — 2 

Integrating, 2 / = % +1 log (a; + 2) + £ log (x - 2) + C. 


Example II. — Integrate ~ = 5x4-1 

dx x? -f a; — 2 


Assume 


whence 


5x -f- 1 _ H .B 


7? -f- x — 2 x — 1 


a; 


2 ’ 


5a; + 1 = ^4 (a; + 2) -f B(x - 1). 


when x = — 2, B = 3. Hence, ^ = - 2 

a; - 1 


This identity is true for all values of x. When x = 1, A=2; 

dx x _ I aT+ 2 * Inte S rat - 

ing; 2 / = 2 log (a: — 1) + 3 log (a: + 2) 4 - (7. This result may also 

be written, 

2 / = log ( x — l) s + log (x + 2) 3 + log c 
= log {c(a; — l) 2 (a; + 2 ) 3 }. 

Example III. — Integrate ^ =.. 3 ^ + 43 ; — 2 . 

cZa; 1 -f a; + x 2 -f x 3 


x 2 + 4 x — 2 _ ^4 5a; + (? 


Assume ___ , 

1 + ® + x 2 -f x 3 1 + x l'+a? 9 

whence a^ + 4x- 2 = (.4 + B)a* + (£ + C) x + .4 + <7. 

Equating the coefficients of like powers of x, A -f- C = 
+ ^ = 4, -<4 + -B = 1, whence A = — , B = C 


2 , 

i* 


Hence, 


dy__ — 



da; 1 + a; 1 + a? 1 +a? 



and 2/ = — $ log (1 +• *) + ^ log (1 + a 2 ) + | tan -1 x+ C. 
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Example IV. — Integrate 


dy __ a- 3 4- a — 1 
dx “ (a- 2 + 2) 2 ’ 


Assume 


or* + a; — 1 _ - 4 a -f B Cx + D , 
(** + 2) 2 ~~ (a* 2 + 2) 2 ' a 2 + 2 * 


By clearing of fractions and equating the coefficients of like 
powers of a*, it is found that A = — 1, .B = — 1, C = 1, D = 0. 

TT rZ?/ — a — 1 , a _ — x , a_ 1 _ 

HenC6 ’ cZa - (a 2 + 2) 2 + a 2 + 2 (a 2 + 2) 2 ^ a 2 + 2 (a 2 + 2) 2 

The first two terms are directly integrable. To integrate the 
last term substitute a = V2 • tan 9. 


PROBLEMS 


Integrate, 



dy _ 

2a -h 3 

7 

dy 

1 

1 . 

dx 

a 3 + a 2 — 2 a 

# • 

dx 

a 4 — 1 


dy 

a 

Q 

dy 

a 4- 1 

2 • 

1/ — • 

dx 

a 2 — a 2 

o • 

dx 

~a(l+a 2 ) 

3 . 

II 

2-3a 2 
(a + 2) 2 

9 . 

dy 

dx 

a 

""a 4 -a 2 -2 

A 

dy 

' a 2 

10 

dy 

1 

4 . 

dx 

a 4 -j- a 2 — 2 

JLV/ • 

dx 

a(l+a) 2 ‘ 

5 . 

II 

*53 ^ 

1 

a 3 — a 2 + 2a — 2 


dy 

dx 

3a + l 
a 4 — 1 

6 . 

8 1*5 

11 

1 

a 3 + 1 

*►.. i 

12 . 

dy 

dx 

II 

1 «L 

• 



du 




13 . 

Show that f (lx - = 

J vr — or 

1 log u ~ a 
2a w + a 

+ (7, u being a 


tinuous function of a. This result is very useful. 
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— (x - 3) 
dx v ' 

(x - 3f - 4’ 


5 


x — 1 


-b 


14 . Integrate ^ = -—I -. Writing — 7 

da; or — 6 a; -f 5 da; 

by Prob. 13, y = ^ log (x ~ ^ ~ % + C= i log - 

(a; — 3) -f 2 a; 

15 . Integrate ^ =---. 

da; ar -f- 3 x +1 

Art. 49. — Integration by Parts 
From * v ) = u * ^ + v • ^ is obtained by integration 

j* u 'fo c ==u ' v ~~ j* v *which is called the formula for inte¬ 
gration by parts. The following examples will show the 
application of this formula. 

Example I. — Integrate ^ = a;.log x. 

dx 

Writing u = log x, whence — = v = 1 ri + C u the 

dx dx x 2 

application of the formula gives 

y=fx.logx=^x‘ + C l )-logx-j'^x‘ + (7,).! 

= \ X 1 ■ log X + Ox • log X - \ 3? - (7, • log * + C 

= £aMoga> — £ar>+ C. 

Cu the constant of the integration C —, always eliminates as 
. . J dx 

in this example. It may therefore be neglected. 

Example II. — Integrate & = x -sin x 

dx 


Writing u — x , —- — sin x , whence — = 1 and v = — cos x. 

dx dx 1 

the application of the formula gives 


y 


J*x • sin x = — x • cos x -f- j* 
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Example III. — Integrate ^ = # • sin -1 #. 

dx 

Writing w=sin -1 #, ^ = #, whence ^ 

° dx dx 

V = \x*, the application of the formula gives 

y = Cx • sin -1 # =£# 2 • sin -1 # — 


Vl — a? 


and 


#2 


#2 




# 


Write -^-= _ 

cZ# Vl — ar 2 


and substitute # = sin 0. There results 


cty = ^ = si n 2 e = 1 - £ cos (2 0), 

cZ0 cZ# dO 


and 


y 


' = |0 — | sin (2 6) + C = \8 - % sine- cos 8 -+- C. 


Substituting sin 8 = x, cos 8 = Vl — a?, 8 — sin 1 x, 


y 


= 1 sin -1 x — Xx-y/l — a? + C, 


and 


y = 1 #2 • sin -1 # -f \ sin 1 # — \ x • Vl — ^ H- (7. 


Example IV. — Integrate ^ = sec 3 #. 

dx 


dv _t.- du __ sec#. tan# and 


Writing u = sec #, V- = sec 2 #, whence 

fi35 Cco/ 

u == tan #, the application of the formula gives 


v~ 


y 


=/ 


sec 3 # = sec # • tan # 


-/ 

= sec#• tan# — I sec 3 # -f* I — 

J J cos 

f— 

4 / cos# 


sec # • tan 2 # 


# 


Hence 2j"sec 3 # = sec # • tan # -f 


= sec # • tan # — log tan 


(H) 


+ 0 


l > 


= sec # • tan # log (sec # -f tan #). 
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dy _ 

Example V. — Integrate ^-= Va 2 + or 2 . 

Writing u = Va 2 -f x 2 , — = 1, whence — = 


a; 


da; da; vVt 2 -|- a^ 

v = x, the application of the formula gives 


and 


/ 


or 


V a 2 -}- or 


Also 


hence 


dy _ q 2 -f x 2 ^ q2 ^_ s 2 

^ Va 2 -f a? Va 2 -f a? Va 2 -f x 2 , 


(2) y — a 2 - log (a; + Va 2 + « 2 )+J^ 


a ,* 2 


Adding (1) and (2) and solving for y, 


V a 2 + a?‘ 


_ 

2/ = + i ® • Va 2 + x 2 -f- ^ log (x -f- V a 2 -j- x 2 ) -j- (7. 


Integrate, 

1. = x 2 • log x. 
dx 

2 . ^=x 2 *cosx. 

dx 

3 . ~=t&n~ 1 x. 


PROBLEMS 


4 . 


9 . 


dx 

dy 

dx 


x • tan 2 x. 


5# dy __ log 2 x 

’ dx x t ' 

6. = log x. 

dx 

7 dy _ x log x 
dx ( a 2 + gfyh 

o dy __ x 2 tan -1 x 
dx~ l+x 2 ’ 


Find the area of the cycloid, 

x = r • 0 — r • sin 0, y = r — r • cos 0. 


10. Find the area of the cycloid, 

x = r - r • cos 0, y = r - 0 + r • sin 0. 

11 . Find the volume of the solid generated by the revolu- 

tion of the cycloid x = r ■ 0 - r • sin 6, y = r - r ■ cos 9, about 
its base. 
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12 . Find the volume of the solid generated by the revolu¬ 
tion of the cycloid x = r — r • cos 0 , y = r • 6 -f- r • sin 0, about 
its axis. 

13 . Find the length of the parabola y 2 = 2px from $ = 0 
to x = x'. 

14 . Find the length of the spiral r = a • 0 from r = 0 
to r = r'. 

15 . Find the area bounded by the hyperbola x? — y 2 = a 2 , the 
X-axis, and the ordinate to the point (x, y) of the hyperbola. 

16 . Show that the area bounded by the hyperbola x?—y 2 =a? f 
the X-axis, and the line from (0, 0) to the point ( x , y) of the 

hyperbola is log e X -—V . 

A Oj 


Art. 50. — Integration by Rationalization 


A derivative ^ containing the binomial a 4- bx affected by 

dx 

fractional exponents may be transformed into a rational de¬ 
rivative — by the substitution a -f bx = z n , where n is the 

dz . 

least common multiple of the denominators of the fractional 

exponents. 

Example I. — Integrate ^ = — 

dx x i 


x 


i 


x 


i- 


Substituting x=z G 


dx 


= 6z s d Ji_ d y. dx = 6z 6 - 

’ dz ’ dz dx dz z? — z 2 


= 62*4- 6z 2 4- 6z-t-64- 


6z> 
z- 1 
6 


.2 


Integrating, 2 / = fz 4 4-2z 3 4-3z 2 4 - 624-6 log (z - 1) 4- J 
whence, y = fa* 4- 2 a* 4 - 3 x* 4- 6 x* 4- 6 log (a* — 1) 4- 0. 


LOGARITHMIC AND EXPONENTIAL FUNCTIONS 143 


Example II.—Integrate =---. 

dx (1 + «)* + (1 + x)i 

Substituting l+x = z «, d ?=2z, ^ = <** = -2£_ = _2_. 

C?Z dz da; dz z 3 + z z 2 -\-1 

Integrating, y = 2 tan " 1 2 4 - C ; whence, y = 2 tan " 1 (l+a?)* + 0. 

A derivative ^ containing only the surd Va 4 - 6 a; + x? may 

be transformed into a rational derivative ^ by tlie substitu- 

_ dz 

tion Va 4 - 6 a; 4 - ar* = z — x. 

A derivative —^ containing only the surd Va 4 - 6 a; — oc 2 may 

be transformed into a rational derivative — by the substitu- 

/ _ _ dz J 

tion Va + 6 a? — x* = V(a? — r x ) (r 2 — a?) = (a? — • z. 

• Example III. — Integrate ^ ^ + V . 

> dx x 2 

Writing 

V2aT+~a? = z — x, x= ——— ^ = + , z - x = *L+ 2z . 

2 a: -f 2 dz ( 2 z 4 - 2) 2 2z 4 - 2 

Hence, 

dy_dy da?_ z 2 4-4z4-4 _z 2 4 (z 4 -1) _ 1 ,4 

dz dx dz z 2 (z 4-1) z 2 (z 4 -1) z 2 (z 4-1) z4-1 z 2 * 

Integrating, 

2/=log(*+l)-! + C=log(z+l + V2a:+x 2 )- 4 - 4-0. 

z a? 4- V2a?4 -« 2 

Example IV. — Integrate ^ = — - 1 - 

da; a; V 2 4 - a; — a ; 2 

Writing V 2 ~ 4 -a; - ar> = V (2 - a?) (1 4 - a?) = (2 - a?) - 2 , 

* 2 = ^-1 6 z , dy 2 

* s + l dz (z 2 + l) 2 ’ dz 2 z 2 — 1 
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By partial fractions, 


Integrating, y = 


V2 


dy __ 1 

dz zy/2 — 1 
log(V2 -z —1) 


1 

z\/2 +1 

-— log (•V2 • z + 1) 4- (7. 

V2 


PROBLEMS 

Integrate, 


dy _ 

x?.(l+ *)i. 

6. 


xi 

dx 

dx 

3 

a; T + 1 

dy = 

ar 3 

7. 

dy _ 

1 

dx 

Vx — 1 

dx 

x^ + a;^ 

dy = 

ar* 


II 

>5 8 

^ ns 

V6 x — a; 2 

a; 

dx 

(1 + 4 xy 

8. 

dy __ 

1 

Q 


a; 

dx 

* • Vl + X 

y. 

dx 

(2 + 3a;-2a0* 

dy = 

1 

10. 

dy = 

1 

dx 

x + V# — 1 

dx 

xy/x? -f- 2 x — 1 



Art. 51. — Evaluation of Forms 1“, oo°, 0° 

If y = /(»)* (,) = l 00 when x = a, 

log, y = <f}(x) • log,/(#) = oo • 0 when x = a. 
If y — /(a?)* (a) = oo° when x = a, 

log,y = <{>(x) • log,/($) = 0 • oo when x = a. 


If y = = 0° when x = a, 

log,?/ = </>(#) • log,/(a;) = 0 • oo when x = a. 

The true value of log,y is found by evaluating the form 
oo • 0, and the true value of y becomes known. 
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Example. 


a 


Find the true value of ( - + 1 ) when x 

x 


= 00 . 


Here, 


y 


= =1“ and \og e y=x- log,^+l^=oo • 0 when x = 


oo. 


a 

ar 2 


Hence, log, y = 


lo e«(i + 1 


“+i 

x 


a 


x 


1 a 

X + 1 


= a when x = oo. 


Since log, y = a, y = e a . 


f 


PROBLEMS 


Find tty ;rue value of, 



l\ z 

4- — i when x = oo 
ar 


2. xj' - * when x = 1. 
\>/6rin 


x) ,ln * when a; = 0. 


C/(« 


(sin x) tftn * when x = 


A 

5. (1 na;)i when x = 0. 

6. \ cos (ax) J coseca(cz) when x=0. 

7. when x = 0. 


8. (cos 2 a)** when a; = 0. 


9. (log a;)* -1 when x = 1. 


Art. 62. — Differentiation of Exponential Functions 
The logarithm of the exponential function a u is 


Differentiating, 
1 d 


log,a tt = u • log, a. 


du 


u , a “ = ^; whence, -^-a M = a M • log, a • 

a u dx dx dx dx 


That is, the derivative of an exponential function with a con- 
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stant base is the product of the exponential function, the 
logarithm of the base, and the derivative of the exponent. 

If a = e, —e" = e“ • —• 

dx ax 


Example. — Differentiate, y = a* 2 . 


Here ^ = a* 2 • log e a • —• 
dx ° dx 


x? = 2 x • af • log c a. 


PROBLEMS 

Differentiate, 

11 , 

1. y = a*. 2. y = ai~*. 3 . y = a 9,Dx . 4. y = a tan x . 

5 . y = e az . 6. y = e (1+x2) . 7. y = e 8in_lz . 

8. Show that ^—e az = a u • e az . 

dx u 

Differentiate, 9. y = af. Here logy = x• logo?, and by dif¬ 
ferentiation - • ^ = 1 + log x. Hence, < ^ = x* • (1 -f- log *)• 

y dx ax 

10. y = e c *. 11. y = e**. 12. y = x xX . 


Find the true value of, 

i 

13. (e x -f- l) z when x = 0. 

14. a ~ ^ when x = 0.. 

x 

16. -- when x= a. 

(x — d) a 


16. ——;—— whenx = 0. 

x — sin x 

17. — when x = oo. 
e z 

18. ex. sinx when x = 0. 


19. — 7 - when x = 0. 

sin x 

i 

20. Show that of is a maximum when x = e. 
Find the least value of ae** -f- be~ iz . 


21 . 
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Art. 53. — Integration of Exponential Functions 


The results of the preceding article may be written 

f«».^ = r ^ + c, Ce u •— =e u + C. 

J dx log e a J dx 

Example. — Integrate ~ = e 3 * -2 . 

dx 

Writing u = 3x — 2, ~ — 3 and ^ •-~(3 x — 2). 

da da* da 

Integrating, y = £ • e 3 * -2 + C'. 


PROBLEMS 

Integrate, ' 


1. 


4. 


7 . 


da 


da 

dx 

2. 

<k = e ** 

5 . 

^t=x‘.e* 3 . 

8. 

^ = a"". 

da 


dx 

dx 

3 . 


6. 

d?/ _ 2 l 

~ = a ^ • e*. 

9. 

dy = a * +s 


da 


dx 

dx 

10. 

*/ = 


u. ^= 

e* • sin a. 


da 


dx 




Applying the formula for integration by parts by writing 


j*e* • sin a = e 1 • sin a — C 


a. 


/ 

dv 

dx 

Hence 


= cos a 


= e 


y 


s 

s 

/• 


e z • cos a = -f- e* • cos a -f- I e 2 • sin a, 


/■ 


e z • sin x = e x • sin a — e z cos 


/ 


e z • sin a. 


and 
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Art. 54. — The Hyperbolic Functions 

The functions \ (e x + e~ x ) and \(e x — e~ x ) are called the 
hyperbolic cosine of # and the hyperbolic sine of x respectively, 
and are denoted by the symbols cosh x and sinh x. Hence by 
definition cosh x = £ (e x + e ~ x ), sinh x = £ (e x - e~ x ). It follows 
at once that (cosh#) 2 — (sinh#) 2 = 1. 

The inverse hyperbolic functions are denoted by cosh -1 # and 
sinh -1 #, so that y = cosh -1 # and y = sinh -1 # are equivalent 
to # = cosh y and # = sinh y respectively. 

The hyperbolic functions have been calculated and tabulated. 

/ 

' Example I. — Find the derivative of y = sinh#. 

Differentiating, 

S-s sinh x= £ i(e ‘~ e_i > = ■+ e_i )= cosh *■ 


% 

Example II.—Differentiate y = sinh -1 #. 

Writing # = sinhy and differentiating, 

^ whence — =—-— = — ^ ^ - 

dx cosh y Vl + sinh 2 y • Vl-f-ar 2 


1 = cosh y 


dx 1 


d 


Hence — sinh -1 # = 
dx 


Vl 4- # 2 . 


PROBLEMS 


1. Show that 

— cosh # = sinh #. 

% 


dx 


2. Show that 

rf sinh- ,a: - 

• & 


dx CL -yj Q? qyt 
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3. Show that — cosh -1 - = 

dx 


a V or — a 2 

4. Find the minimum value of cosh a?. 

5. An inextensible, perfectly flexible, homogeneous string 
fastened at two points in the same horizontal is acted on by 
gravity only. It is shown in 

mechanics that for any point 
(x f y) in the position of equi¬ 
librium ^ = -, where s is the 
dx c 

length of string from the low¬ 
est point to ( x , y ), and c is the 
length of string whose weight 
equals the tension at the low¬ 
est point. Find equation of 
1 position of equilibrium. 

The ^derivative of = ? 

dx c 

ds 



Fio. 48. 


IS 


<Py_dx_if77 

dx*" c ~c\ ^ 


dtf 

dx? 


whence 


d dy 
dx dx 


4 


dy 


1 

c 


1+ dx> 

— C\ — 


Integrating, sinh -1 ^ = -+ C x . When x = 0, ^ = 0, hence 

dx c dx 

C x = 0, and ^ = sinh-. Integrating again, y — c • cosh - 4- C 2 . 

dx c c 

In the figure, for x = 0, y = c, hence C 2 = 0, and finally 


At 

y = c • cosh—^ the equation of the catenary. Using exponential 

c 


functions, 


y 


— c 


§(«■+« ')• 


t • 


6. Find the length of the catenary y = c • cosh - from x = 0 

to x = x\ ' c . 

7. Find the radius of curvature of the catenary. 



150 DIFFERENTIAL AND INTEGRAL CALCULUS 


Art. 55. — The Definite Integral 


✓» + *> 

— oo 


,-x 2 


• dx 


The definite integral J* 


+ 30 


— GC 


e ~ x2 • dx is very important in 

mathematical physics and the theory of probability. Its 
value may be determined by the following analysis, due to 
Poisson. 

+ oo 2 

Denoting the value of the integral by A, A = I e~ x • dx> 

+ CO 2 c/— «> 

e~ y • dy, where x and y are assumed to be indepen¬ 
dent variables. Hence, 


A 2 


/*+ co 

—00 


,-x 2 


• dx • 


X +CO 

oo 


‘-V* . 


J '»y = + oo /»x = + «o . , 

j e~ (x+v} • dxdy. 

y=z — oo x= — 00 


Z 



Now, z = e (xa+yS) represents the surface of revolution whose 
generatrix in the ZX-plane is 2 : = e -1 ’ and axis of revolu¬ 
tion the £-axis. Hence, C* + C e -(^+» s ) . dxdy is the 

i/y=-co %/* = —00 
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volume bounded by this surface of revolution and the 
X F-plane. 

An element of the volume of this solid is the cylindric shell 
of thickness dr, radius r, altitude e“ (z * + y2) = e _r3 . Hence the 


S* co 

volume of the solid is 2 nJ • r dr = 7r. Therefore, A 2 = tt 

and A — C e _z * • dx = ^/tt. n 

1/-CO 

To determine ( e~ (x * +2ax) • dx, write x 2 +2 ax=(x-\-a) 2 — a 2 ; 

whence, C e -(z2 + 2ax) - dx = e° 2 T e“ (z + 0)1 d (x-f-a) = ^/tt • e° a . 

c/— oo 4/— 00 


Art. 56. — Differentiation of a Definite Integral 

Denoting the 

and = 6 a. 
da 

and integrating the result with respect to x between the limits 
x =0, x = 3, (a 2 x? dx) 2 ax?dx = 6 a. Hence for this 

special definite integral, ~ Ca 2 ■ x 1 ■ dx — C—taWdx). 

da Jo Jo da 

That is, to differentiate the definite integral with respect to a 
parameter, differentiate the function under the sign of integrar 
tion with respect to the parameter. 

To prove this proposition in general, consider the definite 
integral =J^ f(x, a)dx. Iif(x, a) is a continuous function 
a > £ f (*> a ) dx is also a continuous function of a. For, 
denoting by &A and Aa the corresponding changes of A and a, 

l/( x f a + Aa) —f(x, a) j dx — dx — c (6 — c), where 
c is a quantity which approaches zero when A a approaches 
zero. Hence A is a continuous function of a. The deriva¬ 
tive of A with respect to a is 


definite integral ijfV ■ a? ■ dx by A, A = 3 a s 
Differentiating a 2 • x? • dx with respect to a, 
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dA 

da 


d 


= limit = f ^f(x, a) ■ dx, 

Jc A a J* da 


which proves the general proposition. 

By this proposition the values of definite integrals of a 
general form may be found from known special definite 

integrals. 

^ Example I. — The definite integral 
Differentiating with respect to a , 



x 

x 


oo 


x • e 


—az 


dx = 


a 


co 


a? ■ e~" ■ dx 


X 

X 


oo 1.2 

x 2 • e~ ax • dx = —— 


a 


• dx = 


1 • 2 • 3 , ••• u 


a 


n+l 




x 


00 


dx 


7r 


• — • 


x? -a 2 2 a 


f\ 


Differentiating with respect to a , 

J '* 00 da; _7r 11 ^°° 

o (a; 2 -f* 2" a * 2* 

dx 


x 


7T 


113 


• — • 


_ •— . • •• 


x 


(a? + a 2 ) 3 2 a 2 4 

1 3 2 w — 1 




(a^ + a*)"* 1 2 a 2 4 2n 


Art. 57. — Mean Value 


Let it be required to determine the mean or average value 
of the continuous function /(*) from x = a to x = b. This is 
equivalent to finding the mean ordinate of the curve y - /(*) 
from x = a to x = 6. Divide the portion of the X-axis from 
a; = a to x = b into n equal parts Ax, and draw an ordinate of 
y=f(x) at the end of each Ax nearest the origin. Denot¬ 
ing the sum of these n ordinates by 2 y, their mean value is 

Sv _ Sy • Ax This - 1S true for a n values of n. When n is 
n n • Aa; 
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indefinitely increased Ax becomes dx, becomes the sum of 
all the ordinates of y =f(x) from x = a to x = b, and the mean 


value of all these ordinates becomes 
n • Ax = b — a for all values of n. 


Sa ydX 

n • dx 


f ydx 

-, since 

b — a 


Example. — Find the mean ordinate of the sine curve 
y = sin a from x = 0 to x = ?r. 

J sin x . dx 9 

7T 7T 


PROBLEMS 

1. Find mean ordinate of circle x* -f- y 2 = r 2 from x = + r to 
x = — r.. 

2. Find mean ordinate of ellipse = l f r0 m x = + a 

* to x = - a. a2 

3. Find mean value of sin 2 a from x = 0 to x = n. 




CHAPTER IX 


CJENTER OF MASS AND MOMENT OF INERTIA 


Art. 68. — Center of Mass 


If the mass of a body is divided into infinitesimal elements 
of mass dm and the coordinates of dm are x, y, z, the center 
of mass of the body is the point (x, y, z) so situated that x 


multiplied by the entire mass of the body is equal to the sum 
of the products of each element of mass dm by the distance 
of this element of mass from the YZ- plane, with like defini¬ 
tions for y and z. Hence the coordinates of the center of 


mass of a body are x = 





integration extending over the entire mass of the body.* 

Representing the magnitude of the element of mass dm by 
dM , its density by D, dm = D • dM , and the coordinates of the 


center of mass become 


* Injhis chapter differentials are used directly. Lagrange says in the 
preface to his Mecanique Analytique (1811), “ When we have properly 
conceived the spirit of the infinitesimal method, and are convinced of the 
exactness of its results by the geometrical method of prime and ultimate 
ratios, or by the analytical method of derived functions, we may em¬ 
ploy infinitely small quantities as a sure and valuable means of abridging 
and simplifying our demonstrations.” 

154 
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CxDdM CyDdM CzDdM 

x = ^~ - 5 y = - _ z = — _ 

f DdM / DdM jDdM 


X = 


the integration extending over the entire magnitude of the 
body. 

If the body is homogeneous, D is constant, and 





The center of mass now becomes the center of figure. If 
the FZ-plane is a plane of symmetry of the body, to every 

term + xdM of J'xdM there corresponds a term —xdM. 

Hence x = 0; that is, the center of mass lies in the plane 

of symmetry of the body. In like manner it is shown that 

the center of mass lies in the axis of symmetry of the body 

and at the center of symmetry of the body. Unless otherwise 

specified, the density is assumed uniform; that is, the body is 
•homogeneous. 


In mechanics it is proved the center of gravity of a body 
coincides with its center of mass. 


Art. 69.— Center of Mass of Lines 

Example I. — Find the center of mass of a straight line of 
ength l f whose density varies as the distance from one end. 

Denoting by dx an element of 
the length of the line, by x the dis¬ 
tance of dx from the end A, by k A 
the density of the line at unit’s dis¬ 
tance from Ay whence 

Fio. 50. 
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D 

k 






kx • x dx 


s: 


kx • dx 



Example II. — Find the center of mass of the arc of a 

Y circle. 

Take as X-axis the axis of 
symmetry of the arc. The ele¬ 
ment of magnitude is 

From the equation of the cir¬ 
cle ar 2 -f- y 2 ==■ R 2 , 

dx _ y 
dy x 



R 


Hence ds=—dy, and x 

x 




+1 chord 

R I dy 

—4 chord 


radius x chord 


arc 


arc 


PROBLEMS 

1. Find the center of mass of the straight line of length l, 
whose density varies as the square of the distance from 
one end. 

2. Find the center of mass of the entire cycloidal arc. 

3. Find the center of mass of the length of one loop of the 
lemniscate ?* 2 = a 2 cos (2 0 ), calling the length of the loop 2 L 

Here dM = ds = ^r 2 -f • dO and x = r • cos 0. 

® % 

4. Find the center of mass of the quarter of the curve 
x i _j_ y$ = a$ included by the coordinate axes. 
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5. Find the center of mass of the helix x = a • sin <j>, 
y = a • cos <£, z = c • <£, from </> = 0 to </> = <£'. 

i 


Here dM =ds = 


'dr 2 dy 2 dz 2 

I — . « 


d</>. 


d<£ 2 ‘ d</> 2 ’ d</» 2 
6. Find the center of mass of a triangle. 

Break up the triangle into infinitesimal strips by lines 
parallel to the base at intervals dx measured on the median 
to the base, and call the distance 
from the vertex to any strip meas¬ 
ured on the median x. The median 
is an axis of symmetry of the triangle, 
and the center of mass must lie in 
the median. Concentrate the magni¬ 
tude of each strip on the median, and 
the median becomes a line whose 
density varies as the distance from 

the vertex. Hence, k representing the density at unit’s dis* 

r * 

kx • xdx 





Fig. 52. 


tance from the vertex, x = 


x 


kx • dx 


— 27 

— -$ 1 . 


Art. 60. 


Example I. — Find the 
center of mass of the sur¬ 
face bounded by the 
parabola y 2 = 2 px, the 
E-axis, and the abscissa 
to the point (a?* y 0 ) of the 

parabola. 

The surface is broken 
up into strips of breadth 
dy by lines parallel to the 


Center of,Mass of Surfaces 
Y : 


(xo.y Q ) 



Fig. 53. 
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X-axis; each strip is broken up into elements of area dA 
by lines parallel to the X-axis at intervals dx. Hence 
dM = dA — dxdy and 




y =0 x = 0 


x dx dy 


C y ° C* 2p dx dy 

\s y = 0 = 0 

r'° f’bydxdy 

^/y = 0 %/x = 0 _ 

v=y 0 /~ z= 2 pdxdy 


J ^v=y 0 /**= 

y=0 c/x = 0 




since the object of the ^integration is to sum up the products 
ydxdy for the elements of area dxdy forming the strip, and 
the object of the y-integration is to sum up the strips forming 
the given surface. 

Example II. — Find the center of mass of the surface of 

the cycloid • 

x = r — r • cos 6 , y = r • 0 4* • sin 0. 

The center of mass lies on the 
X-axis and 

X 2r 

2 xy dx 



X x = 


J <%2r 

o 2ydx 

3 (1 —cos 6) (0 4- sin 6) sin 6 • dO 
2 jT (0 + sin 6) sin $ • dO 


= l r - 

Example III. — Find the center of mass of the circular 
sector whose angle is 2 0 o and whose density varies as the 
square of the distance from the center. 
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Here it is advisable to use polar coordinates, 
at angular intervals dO , the sector is broken 


mal sectors. Call distances 
measured out from the center 
p and draw circles concentric 
at A at intervals dp. Each 
infinitesimal sector is divided 
into elements of area 

dA = p dO • dp 
and x = p • cos 0. 

Denoting the density at unit’s 
distance from center by k , 


Drawing radii 
up into infinitesi- 


Y 



Fig. 55. 


^ an( l D — k»p 2 . Hence 


/*+0o r* 

J-0o Jo 


J *+ 0 o s*r 

-do Jo 


Oo 


Example IV.—Find the center of mass of the eighth of 



Fig. 56. 


the surface of the 
coordinate planes 


sphere a 2 -f V 2 4- z 2 = R 2 bounded by the 
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Here 


, . dz 2 dz 2 \i, , JR, , 

= (1 +— + — rcfcedy = — dxdy, 

oar oy-J z 


hence a; = 


. n 




dxdy 


R /+(R2-zt)l 




2 /•* /*(&-* 
ttRJ Jo 


xdxdy 


-Vft 2 — v* — F 


y 


= — r ajda/sin" 1 — 

ttEJ \ (R 2 — x*yJo 


(R*-z2)l 


7r 


2 7TjR 


J 1 a; da; = £ R. 


By the nature of the problem x = y = z. 

PROBLEMS 

1 . Find the center of mass of the circular sector. 

2. Find the center of mass of the quarter of the circle 
x> 4 . y 2 = R 2 included by the coordinate axes. 

3 . Find the center of mass of the quarter of the ellipse 

2 ? 4 . V- — 1 included by the coordinate axes. 

a * 1)2 ■ * 

4 . Find the center of mass of the surface bounded uy the 

parabola y 2 = 2px and the double ordinate to the point (a?, y). 

6. Find the center of mass of the circular segment bounded 
by y 2 = 2 Rx — x 2 and the double ordinate through (x 9 y). 

6. Find the center of mass of the surface bounded by the 
circle y 2 = 2 Rx — ar*, the IF-axis, and the abscissa to the point 
(x f y). This surface is called the circular spandrel. 

7 . Find the center of mass of the part of a circular annulus 
bounded by the circles r = R,r= R', and the radii vectores 

6 = — 0 o , 0 = 4 - 0q. 

8 . Find the center of mass of the surface bounded by 
x i yi = and the positive coordinate axes. 

9 . Find the center of mass of the area of one loop of the 

lemniscate. 

10. Find the center of mass of a zone. 
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Art. 61. — Center of Mass of Solids 






Example I. 


-Find the center of mass of the half of the 
ellipsoid - 2 + f 2 + ^ = 1 lying f Ax 

^ | i r 

to the right of the Z P-plane. 

The X-axis is an axis of 
symmetry, and 

dM = 7 rrs • rt • dx 

(a 2 - x*)dx. 



a 


7r 


Hence 


x = 


- ^)dx 


Fia. 57* 


■|7r abc 


= fa. 


• Example II. — Find the center of mass of the eighth of 
the sphere x? 4- y 2 H- z 2 = R 2 included by the coordinate planes, 
the density varying as the square of the distance from the 
cente*. 

Here it is advisable to use polar coordinates. Passing 
planes through the Z-axis at angular intervals dd>, the solid is 


divided into spherical wedges, 
vertex at 0, and whose elements 
make angles with the XF-plane 
increasing by dO, each wedge is 
divided into pyramids. Passing 
spherical surfaces concentric at 
O, and whose radii increase by 
dp , each pyramid is divided 
into elementary parallelepi¬ 
peds, whose dimensions are dp, 
p cos 6 d<f >, p dO. Hence, 

dM = p 2 cos 6 dp d<l> dO, x 

M 


Passing conical surfaces with 


Z 



p cos 6 cos <j>, D = kp a , 
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where k is the density at unit’s distance from the center. 
Finally, 

n n 




PROBLEMS 


1. Find the center of mass of a hemisphere. 


2. Find the center of mass of the paraboloid of revolution 
generated by revolving y 2 =2px about the X-axis, and in¬ 
cluded by the planes x = 0, x = x\ 

3. Find the center of mass of the solid generated by re- 


/p2 

volving half the ellipse — -f 
the X-axis. 


2 

= 1 from x = 0 to x = ci about 
b 2 


4 . Find the center of mass of the rectangular wedge. 


Art. 62. 


Theorems of Pappus* 

Cyds 


by 2 ns, 


Multiplying both sides of the equation y = 

• ds . The right-hand member of this equa- 


2 irV • S 


tion represents the area of 
the surface generated by the 
revolution of the line 5 about 
the X-axis; the left-hand 
member is the length of the 
line s multiplied by the cir¬ 
cumference of the circle de¬ 
scribed by the center of mass 
Fio. 59 . of the revolving line. 

* First published by Pappus of Alexandria about the end of the third 
century of our era. 
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This furnishes a convenient determination of the center of 
mass of the line when the area generated is known, or of the 
area generated when the center of mass of the line is known. 

Example I. — Determine the 
center of mass of the circular 
arc. 

The arc revolving about the 
X-axis generates a zone whose 
area is 2 ttR • chord. Hence, 
2 7r • arc — 2 tt R - chord, and 

R • chord 



Fig. 60. 


y = 

as before found. 


arc 


Example II. Find the area of the surface generated by 
revolving the cycloid y = r ve 1 ->5 + V2 rx-a? about its base. 

The distance of the center of mass of the cycloidal arc from 

the base is \r, the length of the cycloid is 6 r. Hence, 
area = 2 n • £ r • 8 r = nr 1 . 


PROBLEMS 

1. Find the area of the surface generated by the revolution 

about the X-axis of the circle of radius r, distance of center 
from X-axis a, where a > r. 


2. Find the area of the surface generated by the revolution 

of a semi-circumference of radius r about a tangent at its 
middle point. 

Multiplying both sides of the equation, 


ffy dx d y if 

If 


by 2 7 tA, 2 ity • A = tt^ y 2 dx. 
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The right-hand member of this equation represents the 
volume of the solid generated by the revolution of the area 
A about the X-axis; the left-hand member is the area A 
multiplied by the circumference described by the center of 
mass of A. This furnishes a convenient determination of the 
center of mass of the area when the volume generated is 
known, or of the volume when the center of mass of the area 

is known. 


Z 



Fio. 61. 


Example I. — Find the volume generated by the revolution 
about the X-axis of the ellipse whose axes are 2 a and 2 b , 
distance of center from X-axis c. V = 2 nc • nab = 2 nhibc. 



Example II.— Find the center 
of mass of a circular sector. 

The volume generated by the 
circular sector whose angle is 
2 0 O , radius R , revolving about a 
diameter parallel to the chord of 
the sector is 2 nR • 2 R sin 0 O • % Rf 

the area of the sector is X 2 • Qo* 

„ _ 2 R sin 0 O 

Hence, y = -—j 


/ 


4 


Fio. 62. 




CENTER OF MASS AND MOMENT OF INERTIA 165 


PROBLEMS 

1. Find the volume generated by revolving the cycloid 
y = r * vers_1 ~ + V2 rx — x* about its base. 

2. Find the distance of the center of mass of half the 
ellipse -f •— = 1 bounded by x = 0, x = a, from the center 
of the ellipse. 

Art. 63. — Moment of Inertia 


If the mass of a body is divided into infinitesimal elements 
of mass, and each element is multiplied by the square of its 
distance from a fixed line, the sum of all these products is 
called the moment of inertia of the body with respect to the 
straight line as axis. Denoting the infinitesimal element of 
mass by dm, its distance from the axis by y , and the moment 

of inertia by i, I — §y 2 • dm, the integration extending over 
the entire mass of the body. 

Representing an infinitesimal element of the magnitude of 
the body by dM y the density of this element by D, dm=D • dM y 

and the moment of inertia becomes I = y 2 . D • dM y the in¬ 
tegration extending over the entire magnitude of the body. 

The moment of inertia occurs very frequently in Strength of 
Materials and in the Theory of Rotation of Bodies. For 
example, in Problems 31, 32, 33 of Article 23, I is the moment 
of inertia of the cross-section of the beam. 

If the material of the body is of uniform unit density, which 

is always assumed unless the contrary is stated, D • dM = dM f 

and the. moment of inertia depends only on the shape of the 
' body. 

. f ^^ le momen f of inertia is one of the elements used in select¬ 
ing shapes for engineering structures. 
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The moment of inertia divided by the mass of the body is 
called the square of the radius of gyration of the body for the 

moment axis used and is denoted 

A m 


y 


h 



by k 2 . Hence k 2 = 


f 


k is the 


, m 

distance from the moment axis to the 
point where the mass of the body 
must be concentrated so that the 
moment of inertia of the concen¬ 
trated mass shall equal the moment 
of inertia of the mass distributed 
throughout the body. In Problem 
35 of Article 23 and in Problem 15 of Article 43, k? is the 
square of the radius of gyration of the turning body. 


Fio. 63. 


Denote by^i; 
moment axis 




definition I 0 


: fV 2 • dM, 


e moment of inertia of a body for any 
7' .the moment of inertia of the same 

c 

body for a parallel moment axis 

through the center of mass of 

the body. Through C y the 

center of mass of the body, pass 

a plane JRS perpendicular to 

the line AC. Denote by D the 

» 

distance between the two axes, 
by r the distance of dM from 
the axis AA, by r' the distance 
of dM from the axis CC. By 

2 -dM. From the triangle 


/ 


ACP, r a = r f2 -f-D*-f 2 r f Z> sin 0. Hence 

(1) j V s dM=J*r ,2 dM -f- D 2 JdM + 2 dJt' sin 0 • dM. 
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I 



Now r' sin 0 = PE = y and J r ' sin 0 • dM= 

jydM 

But y = = 0, since y is the distance of the center of 

mass of the body from the plane RS, and this plane is drawn 
through C perpendicular to the line CA. Hence (1) becomes 
I a = I e + D 2 • 31, which may be written T e = I a — D 2 - 31, and is 
known as the reduction formula. Stated in words, this formula 
reads the moment of inertia of a body for any moment axis 
equals the moment of inertia for a parallel moment axis through 
the center of mass of the body plus the square of the distance 
between the two axes into the mass of the body. 

Denoting the radii of gyration for the axis AA and the 
axis CC by K a and K c respectively, I a = 31 - K 2 , I e = 3f- K 2 , 
and by the reduction formula K 2 = K 2 D 2 . 

Akt. 64. — Moment of Inertia of Lines and Surfaces 





Example I. — Find the moment of inertia of a straight line 

of length l for moment axis perpendicular to line through one 
end of line. 


Denoting an element of the line 
by dy, the distance of this element 
from the moment axis by y , 

I= $> y' l ' d y=^ 1? - 

The radius of gyration is found from 



Fio. 66. 


The moment of inertia for a parallel axis through the center 
of mass of the line is 7 e = £ l* - $ p = ^ p. The radius of 
gyration for this axis is found from k 2 = ^ J 2 . 
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Example II. — Find the moment of inertia of a triangle for 
moment axis through vertex parallel to base of triangle. 

Breaking up the triangle into strips by lines parallel to the 
moment axis at intervals dy 9 calling the length of any strip %, 

_^_^ and its distance from the moment 

axis y, dM = x dy y and from simi- 

Hence, 


X 

\ x 

/ 



— Ay 

c 


/ 


\y 

/ 


lar triangles - = - 

yd 


I 


f»’ dU =M 


The radius of gyration is found 


Fio. 67. 


from 


7 2 i 72 

Ibd 1 


The moment of inertia for a parallel axis through the center 
of mass of triangle is 

I e = 1 bd? -\bd (I ay- = bd? and k c 2 = T V d\ 

The moment of inertia for the base of triangle as axis is 
I„ = ^ bd 3 + \bd{\df = 7 \ bd? and k a 2 = £ d\ 

Example III. — Eind the moment of inertia of a circle for 

axis through center perpendicular to plane of circle. 

Here it is advisable to use 

polar coordinates. dM = pd9dp y 

and the distance of dM from 

the axis AP is p. Hence, 

^ p s dO dp = \ 7 rR*, 

and V = | R 2 - I P is called the 
polar moment of inertia of the 
circle. 

Denoting by 1 , the moment of 



I, 
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inertia of the circle for axis AX, by I v the moment of inertia 
for axis AY, 

2 dM ) / v =j' a *dM, 

and I m + / r = y (x 2 + y 2 ) dJf =§ p *dM = I p . 

Since the circle is placed in exactly the same manner with 
respect to each of the diameters AX and AY, I z = I y . Hence, 

2 1, = I, = and I, = \ ,r IP, k, 2 = ->■ R\ 



PROBLEMS 

1. Find moment of inertia of a rectangle base b, altitude d 
for base of rectangle as axis. 

2. From Problem 1 find by reduction formula the moment of 

inertia of rectangle for axis through center of rectangle parallel 
1 to base. 

3. Find moment of inertia of rectangle for axis through 
center perpendicular to plane of rectangle. 

4. Find moment of inertia of isosceles triangle for axis of 
symmetry as moment axis. 

5. Find moment of inertia of ellipse for major diameter as 
moment axis. 

6. Find moment of inertia of ellipse for minor diameter as 
moment axis. 

7. Find moment of inertia of ellipse for axis through center 
ol ellipse perpendicular to plane of ellipse. 

8. Find moment of inertia of parabolic segment for axis of 
parabola as moment axis. 

* 9. Find moment of inertia of circular spandril for diameter 

as moment axis. 


170 DIFFERENTIAL AND INTEGRAL CALCULUS 


Art 65. — Moment of Inertia of Solids 

Example I. — Find the moment of inertia of the rectangular 
parallelopiped whose dimensions are b, d , h for axis through 
centers of two opposite faces. 

Break up the solid into laminae by planes perpendicular to 
the axis at intervals dx and call the distance of any lamina 



Fig. 69. 


from one of the faces x. The lamina may be broken up into 
elements dxdydz, and the moment of inertia of the lamina 

= dx Sf p2 dy dz = moment of inertia of base of lamina mul- 

tiplied by the thickness of the lamina. Hence the moment 
of inertia of the lamina is ^ (V+d?)bd dx, and the moment of 
inertia of the parallelopiped is 

J= T V (ft 2 + d 2 ) ftdjT* dx = T V (ft 2 + d 2 ) bdh. 

The radius of gyration is found from 


7c 2 = 


Ar ( b 2 + fZ 2 ) bdh 


bdh 


- =tV (p* + <0- 


Example II. — Find the moment of inertia of a cone of 
revolution for axis through center of mass of cone parallel to 

base of cone. 
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Break up the cone into laminae by planes parallel to the 
base at intervals dy. Call the distance of any lamina from the 
vertex y, the radius 
of the base of the 
lamina x. The mo¬ 
ment of inertia of the 
lamina for axis X' X' 
through the center of 
the lamina and paral¬ 
lel to the axis XX is 
\tt x*dy, the distance 
from X ' X ' to XX is Fig. 70 . 

\H — y t Hence by the reduction formula the moment of 
inertia of the lamina for axis XX is x*dy 4- ira>*(f H-y) 2 3 4 dy, 
and the moment of inertia of the entire cone is 

I= £'*«*dy + H-yfdy f. 

By similar triangles - = —, hence 

V H 

I= £ {I W^ dy+7r % fP). 

% 

PROBLEMS 

1. Find moment of inertia of the sphere for diameter as 
axis. 

2. Find moment of inertia of cone of revolution for axis 
of symmetry as moment axis. 

3. Find moment of inertia of cylinder of revolution for 
axis of symmetry as moment axis. 

4. Find moment of inertia of cylinder of revolution for 
axis through center parallel to base. 
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5. Find moment of inertia of spherical cap for axis of 
symmetry as moment axis. 

6. Find moment of inertia of ellipsoid for longest diameter 
as moment axis. 

7. Find moment of inertia of the segment of a paraboloid 
of revolution for axis of symmetry as moment axis. 


CHAPTER X 


EXPANSIONS 


Art. 66. — Convergent Power Series 


The identical equation (1 — x) 2 = 1 — 2 x -f- xr is true for all 
values of x. 

Expanding the fraction- into a series by division, there 

1 — x 

results the identical equation 

r— = l + aj+o 2 -}-x 3 -j-# 4 -{- x n+2 +x n+3 -\- • ••, 

J- 3/ 


where the number of terms in the series is infinite. This 
^identity is not true for all values of x. For example, if x = 2, 

the fraction —-— equals — 1, the series equals infinity. To 


determine for what values of x the identity is true, denote the 
sum of the first n terms of the series by s n , the sum of the 


remaining terms by r n . Then —i— = s n + r n , and if r n can be 

1 — x 

made less than any assigned quantity, however gmall, by tak¬ 
ing n sufficiently large, ——— = limit s n when limit n = oo 

and the series is said to be convergent. Now 

r n = 3"(1 -fa;-hJC 2 4-cc 3 -}-a: 4 4- 

When x < 1 , r n = — ^ , and limit r_ = 0 when limit n = co 

Hence when x < 1, the value of the fraction - is correctly 

represented by the infinite series ^ X 

173 
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(1) 1 4- x x 2 -f- ar* -j- x* 4- ••• x n ~ l 4- x n + x n+1 4- a; n+2 4* •••> 

and s n approaches the value of the fraction —-— more and 

1 — x 

more closely the larger n is taken. For example, when x = \, 
the fraction equals 2, while s 4 — = 1.8889, s 8 = -f-ff = 1.9914. 

This infinite series is convergent when — 1 < x < 1 and con¬ 
verges towards 2 when x = I. The totality of values of x for 
which the infinite series is convergent is called the region of 
convergence of the infinite series. 

_ —i O 41 ____ 

Fig. 71. 

The heavy portion of the straight line shows the region of 
convergence of the infinite series (1). 

In general, the infinite series 

tf'o + a i • x 4- a 2 * a? 2 + a 3 • x? -f- a 4 • x A -f- ••• 

4- i • af 1 " 1 4- a n • z n + a n+l • x n+1 4-, 

where the coefficients are finite and independent of x , is called 
a power series. Denoting the sum of the first n terms of the 
power series by s n , the sum of the remaining terms by r„, 

a 0 4- a • x 4- a 2 • x 2 4- a 3 • x* 4- ••• 

4 i • a;"- 1 + a n -x n + a n+1 • x n+1 4- ==s n + r n . 

For each value of x for which Ijmit r n = 0 when limit 
n = oo, the power series is convergent and has a determinate 
finite value, which is the limit of s n when limit n = oo. Hence 
within its region of convergence the power series defines a 
function of x and may be denoted by /(a?). 

s A convenient test for the convergence of a power series is 
’ Cauchy’s test, which reads: 

\ A power series is convergent if from and after some fixed 
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term the ratio of each term to the preceding term is always 
numerically less than some number numerically less than unity. 

For suppose that from and after the m -f 2 term, m being 
finite, of the power series 


«o + a i 


the ratio of each term to the preceding term is numerically 
less than r, and that — 1 < r < 1. Denote the sum of the first 
m terms of the series by s m , the sum of the next n terms by 
the sum of the remaining terms by r w , the sum of the 
entire series by s. Then s = s m + s n + r n , 


s n + r n = a, n . x m + a m+1 • .x * m+1 -f- . a ;” 1 * 2 -f a m+3 • a ”* +3 -f ... 

< a m * af"(l + t + ?■* -f- ^ 4- ... r n -f r n+1 + ?- n+3 -f ...) 

, by hypothesis. Hence r n < a m • and limit r n = 0 

V 1 — 7 ' 

when limit n = oo, since a m and x are by hypothesis not 
infinite and i' is assumed less than unity. Hence the sum 
of the series s = s m -f limit s n when limit n = oo; the series is 
convergent and Cauchy’s test is proved. 

. For example, in the series 1 + x -f- a 2 -f- a 3 -f • • • x n 4- x n+1 -f • • 
the ratio of each term to the preceding term is x , and by 
Cauchy’s test the series is convergent when — 1 < x < 1.* 


Art. 67.—Taylor’s and Maclaurin’s Series 

The values of explicit algebraic functions can be directly 

calculated for arbitrarily assigned values of the independent 

variable. For example, if 2 / = ^ — 7# +7, any value may be 

assigned to x , and the corresponding value of y becomes 
known. 

* Euler seems to have been the first to call attention to the fact that 
infinite series can be safely used only when convergent. 
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Consider the function f(x) = x m , when m is assumed to be 
a positive integer. When x = b = a -f 7i y whence h = b — a, 

h 2 

f(b) = (a+h) m ~ a m -f- m • a m_1 • h -f m (m — 1) a m ~ 2 — 


-f m (m — 1) (m —2) a m_3 — 4* •• * 

ol 

by the Binomial formula. This result may be written, 

(1) /(b) =f(a + h) =f(a) +/'(a) • h * 

+/»•-+/"'(«) •f ! +- 

or (2) /(&) =/(a) +/'(«) -(b-a) 

+/"(«) • +/"'(«) • ^=^- 3 + 

where /(a), /'(a), /"(a), /"'(a), •••> are the values of the suc¬ 
cessive derivatives of /(a?) = a;”* when a; = a. 

The symbol n! stands for / • 2 • 3 • 4: • 5 • ••• n, and is read 
factorial n. 

It is proposed to derive a general series of the same form as 
series (1) and (2) for the approximate calculation of any func¬ 
tion f(x) for arbitrarily assigned values of the independent 
variable. The problem may be thus formulated: Let f(%) 
and its successive derivatives f'(x ), f"(x), /"'(#)> •••* be finite 
and continuous from x = a to x = b , and denote by /(a), /'(«)> 
/"(a), /"'(a), •••, the values of these functions when x = a. 
The value of f(b) is to be found in terms of /( a ), /'(a), /"( a )> 
/'"(a), • ••, and the powers o i*b — a. 

The investigation is based on the following proposition, 

known as Rolled theorem: ^ 

* %If the function </> (x) and its first def^vative <f>'(x) are finite 

and continuous from x — a to x = b and <f> (a) = 0 and <£ (b)j^_9> 
the first derivative <f>'(x) must vanish for some value of x 

between a and b. 
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If <(>'(x) is identically zero, the truth of the proposition is 
evident. If <£'(&*) is not identically zero, <f>'(x) must change 
sign between x = a and x = b , for otherwise <f>(x) would either 
* continually increase or continually decrease from x = a to 
x = b, and in neither case could <f> (a) and <f> (b) both be zero. 
Hence </>' (x) must change sign between x = a and x = b. 
Since <f>' (x) is assumed to be finite and continuous from x = a 

1%) can change sign only by passing through zero. 

• Therefore <j>' (x) must vanish for some value of x between 
x = a and x = b. Denoting this value of a- by a + 0(b — a), 
where 0 must be less than unity, cf>'\a + 0(b — a)\ = 0. 

Now assume f(b) = /(«)-+- k^b — a), where k l is a constant to 
be determined. Write «fc(a>)= f(b) - f(x) - l\(b - x) and form 
\ the first derivative <fo'(*) = -/»(*) + k v Since by hypothesis 
„ ^i(*) and 4>i( x ) are finite and continuous from x = a to x = b 
* and <^ 1 (a)=0 and <t>i(b) = 0, <£/(#) must vanish for some value 
of x between a and b. Denoting this value of x by 

a + 0 x (b — a), k l =fia + 0 1 {b-a)l. 

Hence /(&)=/(«)+/> + O^b - a)\(b - a). 

Next assume f(b) = f(d) + /(a) .(b-d)+k 2 - 7 a ) 2 . 

2! 

Write Ux)=m-f{x)-J’(x) . (6 - x)-k 2 S±^l and 

form the first derivative ^'(a;) = — (6 — x)f"(x) + k. 2 (b - x). 
Since by hypothesis 4> 2 (x) and are finite and continuous 
. from at = a to x = b and <t> 2 (a) = 0 and <t> 2 (b) = 0, must 

vanish for some valuejpf a; between a and b. Denoting this 
value of x by a + 0 2 (b - a), k 2 =f"\a + 0 2 {b-a)\. Hence 

\> 

/(&)=/(«) +/'(«) • (b — a) + f"\a + 0 2 {b - a) j S b ~ a )\ 

21 


N 
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Assume 


m =/(«)+ /'(«) •(*-«)+/'(«) • + fcs • 


— a 

3! 


Write <t>^ x )=f{b)-f{x)^f\x) • (b - x) 

-f"(x).( b ~ x ') 2 -/c 3 . (b - x ') 

v J 2! 3 3! 

and form the first derivative 


Jc 3 • 


(6 — x) s 

31 ’ 


*»'(*) EE - 2f"'(x) . + * 3 . 

Since <£ 3 (a;) and <t> 3 '( x ) are by hypothesis finite and continu¬ 
ous from x = a to x = b and <t> 3 (a) = 0 and <f> 3 (b) = 0, <t> 3 '( x ) 
must vanish for some value of x between a and b. Denoting 
this value of x by a -f- 0 3 (b — a), k 3 = /"'ja -|- 0 3 (b — a) j. Hence 

f(b)=f(a)+f'(a) • (b - «) + /"(«) • 

+f"'\a + e 3 (b-a)}.^^. 


31 


Repeating this operation n times, there results 


(1) f(b) =f(a) +/'(«) • (&-«)+/»+/»'(«) 


—a 


31 


n—1 


+/-(«)+•••/-(«) 


n ! 

where 0 < 0 < 1. 

The error committed by placing f(b) equal to the sum of 


—--- _ a ^ n 

the first n terms of series (1) is r n =/"{« -j- 6(b — a)\ k—j - 

7c- • 

If this error can be made indefinitely small by taking n suffi¬ 
ciently large, the series is convergent and can be used to cal¬ 
culate the value of f(b) to any required degree of accuracy, ^ 
provided /(a), /'(a), f"(a] ), /"'(<*)> — are known. When n 
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becomes indefinitely large, the series becomes an infinite series 
and the region of convergence is most readily determined by 
Cauchy’s test. 

In (1) place b — a = h, whence b = a -f- h. There results 

(2) f(b) =f(a + h) =f(a) +/'(«)- a +/"(«)• ^+/'"(«) X 

** • t) • 

+ ■ ~~ 1 K . +f\a+0h) 

(71 — 1)1 71 ! 

This is Taylor’s series. In (2) place a = 0. There results 

(3) f(h) =/(0) +/'(0) • h + /"(0) X+f"'( 0) .|1 

+ ■■•r(0) 7 ,rl +/"(0A) - ; 4 

(n — 1) ! n ! 

This is Maelaurin’s series. The only restrictions on a and h 
in these series are that f(x ), f\x ), /"(a;), /"'(«), •••/ n - 1 (z) 

must be finite and continuous from x = a to x = a -f h and 
that f n (a -f 61i) . ~ must become less than any assignable 

quantity when n is indefinitely increased. Since the quantities 

represented by a and h are not fixed, they may be denoted by 

x and y respectively, when Taylor’s and Maclaurin’s series 
become 

/(* + y) = /( X) +/' (*) • y +f" (x) . £ +f" (x) 

» • i/ • 

+ (*) • 1 +/"{*+ 0(y - X)l ■ 

/(V) =/(0) +/' (0) • y +f" (0) • ^ +/"' (0) + - 

Taylor (1685-1731) published his series in his “ Methodus incremen¬ 
tal? 111 ' Maclaurin published his series in his “Treatise of Flexions” 

. The expansions effected by these series had been previously 
obtained by laborious processes. 
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' j Taylor’s series expands a function of the sum of two varia- 
bles in the ascending powers of one of the variables; Mac- 
I laurin’s formula expands a function of one variable in the 
1 ascending powers of that variable. 


Example I. — Expand log c (1 -by). 


• t 


This expansion is effected by Maclaurin’s series sinnel 
log, (1 + y) is a function of one variable. Forming the succes¬ 
sive derivatives, 


f(y) = log e (l +y), 


f(y) = 


f"(y) = 


1 + y 

-i 

(i + yf 


f"'(y) = 


r (y) = 


2 ! 


a + y) 3 ’ 

- 3! 


(i + y) 4 ’ 


• 00 


/” (y) = ± ^ 


±21 


a + y) n 


hence /(0) = 0, /'( 0) = 1, /"(0)=-l, f«'( 0) = 2!, 

r (0) = - 3!, - /'• (0) =±(n- 1)!. 


Substituting in Maclaurin’s series, 


= 7/_ _ y^_ i _ v^_ _i_ 2 /^_ __ 

4 5 


log c (l +y) = y -|-+ 3 


6 + 7 


y 


n—1 




n-1 n (1 + fy) n 

By Cauchy’s test this series is convergent for values of y 
numerically less than unity. Hence this series may be used 
to calculate the Napierian logarithms of numbers from 0 to 2. 


— l 


+1 


Fig. 72. 


Taking y=.5 and n = 13, log, 1.5 
error between .000000053 and .0000093. 


= .40546914 with an 
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The region of convergence of this expansion of log, (1 4 - y) 
is indicated graphically by the heavy line of the figure. 

From this expansion of log, (l4-y) an expansion of 

log e (1 4- z) with an enlarged region of convergence is obtained 
by the^following analysis : 

i O o 

.v , 

4 5 6 ' 7 8 

for - 1 < y < 1. 




• • • 


--— ^2345678 


• • • 


b 


for - 1 < y < 1. 

By subtraction, 

log.(l + y) - log„(l - y) = log.L+J' = 2(y + t + ^ +1 + ...) 
«. 1 y \ 3 5 7 / 

* or 1 < 2 / < 1- Substituting 

^^T+T T~y = ~T' and when -l<y<l, * > 0 . 
Hence log, (1 + z) = log,z 

1 


\2 z 4 - 1 


+ 


+ 


+ 


'Tij'" 1 "") 


3(2 2 4 -1 ) 3 ' 5(22 + 1/ ■ 7(22 

for z > 0 ; a convenient formula for the calculation of the 
Napierian logarithms of numbers. 

By Maclaurin’s series 


log a (l + y) = l 0 g a e\y-£+t-t + £-£ 

l 2 3 4 5 6 


+ 


that is, log, (1 + y) = log, e • log, (1 + y). Placing 1 + y = a, 


whence 


log* a = log a e • log, a, 
log - e - 


_ 1 


log,(l 4 -y). 

1 ~ " ° e ^ 

he factor ^, by which the Napierian logarithm of a 

number must be multiplied to obtain the logarithm of the same 
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number in the system whose base is a, is called the modulus of 
the system of logarithms whose base is a. In the common 

1 = .43429448. 


system a = 10 , and 


log e 10 

Hence log 10 (1 + y) = .43429448 log, (1 + y). 


Example II. — Expand log c y. 

Here f(y) = log, y, f (y) = \ f" (y) = - i, f" (y) = - 


f\y) = ± Hence, /(0)= -oc, /'(0)=oo, /"( 0 ) = -oo, 


/'"(0) = OO, • ••, /"(0) = ±oo. The function lo g c y cannot be 
expanded by Maclaurin’s series into a power series in y. 
However, writing log y = log j 1 -f- (y — 1) j, Example I. gives 

a power series in y — 1 convergent when 0 < y < 2 . 


Example III. — Expand (x -f y) m , where m represents any 
finite number, positive or negative, integral or fractional. 

This expansion is effected by Taylor’s series. 


>m-2, 


,m—n+1 


Here f(x) = x m , f (x) = mx m ~ l , f" (x) = in (in — 1) x 
/ n_1 (x) = m (in — 1 ) • •• (m — w -f 2 ) x 
f n (x) = in (m — 1) ••• (m — n -f- 2 ) (in — n - J- 1) x ™ n > 


> 


Substituting in Taylor’s series, 

(x + y)* = x m -\-m- x m ~ l • y -f* m ~~ ^ x m ~ 2 y 2 

£ ! 


+ 


m (in — 1 ) (m — 2 ) x m-s y3 _j_ 


• • • 


3! 


m(m ——n + 2) a;m _ n+1 ^ n+1 


(» “ 1 ) ! 


m (in — 1 ) »«« (m — n -}- 2 ) (m — n 4 - 1 ) ^-n^n _j_ 
+ n! 


• • •. 
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ihe ratio of tlie nth term to the (n — l)tli term is 

r — (— + - — 1\¥. Since m is finite, the factor — * — 1 

\ n j x r tl 

approaches unity when n is indefinitely increased. Hence if 

y 

-<1, the ratio r becomes less than unity when the series is 

sufficiently extended, and the series is convergent by Cauchy’s 
test. This proves the binomial theorem for all finite ex¬ 


ponents, provided — 1 < - < 1. 

X 


Example IV. — Expand (2 — x -f- y) £ in ascending powers 

of y. 

Substituting v = 2 — x, (2 -x-\- y)~ £ becomes (v + y)~ £. By 
Taylor’s series, 

(®+y) 3 v-i + ± (v-i) ■ y+~(v-h ■ £ + — (v-h .£ + ... 

dv K ’ * dv? K ’ 21 dv 3 ^ ' 3'. 

whence, (2-x+y)~i = (2 - *fi - £ (2 - *)"» - y 
convergent when — 1 < —— < l 

£ — X 


PROBLEMS 

Expand and determine the region of convergence, 
ll Sln y • 5. sin (a: — y). 9 . log(* + y). 

2 - cos y- 6. cos (*—y). 10 . tan- 1 *. 

3. sin (x + y). 7 . e ». n. sin- 1 *. 


4 . cos(*+y). 8. e~ v . 

13. sinh * = \ (e* - e~*). 14 . 

15. e*sin*. 18 . tan*. 


16. e-'in- 1 * 

17. (1 — sin 2 «)“£. 


19. log cos x. 

20. coty. 


12. log Vl -f or 2 }, 
cosh a; = e"*). 

21. (1 - * + y)*. 

22 . (y — y *)- 1 . 

23. log^ —y 2 ). 


/ ■> 4 c/r ^ 

r /pvw-t ^ ^ JysVr \W l<s- 


w* ^ - 



f l»4 'differential and integral calculus 


24. Compute sin 10°. Here a = 


10 


frC-AW , 

gftjpoR/ 


57°.3 


25. Compute sinh .2. 


26. Compute log e 2 and log 10 2. 


27. Expand e 


Art. 68. — Euler’s Formulas for Sine and Cosine 


z 3 . z 4 . z 5 . z' 


Let the series e* = 1 + z + _ + + 


• • • 


•which is the development by Maclaurin’s formula of e x when 
z is real, be adopted as the definition of e z for all values of z, 
real and complex. Placing z = ix y where i stands for V~ % 
whence i 4 ” = 1, i in+1 = i, i 4n+2 = - 1, * 4n+3 = - »’ for all integral 

values of n , 

Vx.. ... a* 2 .v? . o£ /mS ~ 7 


'/-x . , • ur .a?* . ar , ..t 5 a; 0 .a; , 

(1) e = l + ix 2J * 3 ,+ 4! + t 5! 6! 7! + 


• • • 


In like manner, placing z == — ix 9 




(2) = 1 — ix — 


x 2 . ..t 3 . a; 4 .a 6 


4- -I- l 

2! 3!^4! 5! 


A +l A+ 

6! 71 


• ••. 


Taking half the sum of (1) and (2), 


^ (3 )£L±i^i 


a; 2 . x‘ 


.6 


ar . a^ 


2! + 4! 6! + 8! 


. = cos a;; 


dividing half the difference of (1) and (2) by i, 


W 


(±) 


— e —& _ 

•---= X 


ar 3 . ar 


a; 7 . a,* 9 


2i 


3! + 5! 7! + 9! 


• • • — S1H 3/# 


In general, sin (nx) = A f e‘“ - <r*» J, cos («*)=15+ e '“t 


'hese results are known as Euler’s formulas for sine, and 


losine. 


I 


; | These formulas are useful in trigonometric transformations 


J 


4? 
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i * 

arid, in integrating derivatives involving trigonometric and 
exponential functions. 

Since the i in u = ix is of the nature of a constant factor. 
du 
7 - 


Example I. — Find the value of cos 5 a; in terms of the 
functions of the multiples of x. 

cos 5 x = * %(e iz -F e~ ix ) j 5 

= i?\e i5z -f 5 + 10 e te + 10 + 5 r** -F 

= tV } W + e_<5i ) + f + <r°*) + ±£(e<* + e~ u ) \ 

= iV{ C0S (5 x) -F 5 cos (3 x) -F 10 cos x j. 

^Example II. — Integrate ^ = sin 2 a;. cos 2 a;. 

dx 

Substituting for sin x = —~X e<x ~ e ~ u ) for cos x = ^(e a + e -< *), 
jjj. = "”tV ( e4fx + — 2) = — £ cos (4 a;) -F £. Hence 


2/ = — T2-sin(4a;)4.|a; + <7. 


\Xs 


Example III. — Integrate ^ = e ** sin ( pt), where P and p 
are constants. 


Substituting sin (pt)= ~{e ipt — e~^), 


7 2 £ 

^ —— $ e (-p+(p ) f e (-p-<p)i > 


hence 


= -1/_1_ 

2<l-P+i 


— 6 (-p+(p)« i- - 1 - e (-p-iv)t I i n 

ip P+ip J + 




ZiP^Tp* 1 F(e<Pt “ 6 “*> + +«"*)! + 0 


,-i»< 


p 2 + p2 1 p sin (p0+p cos (p 9 1 + c. 
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PROBLEMS 

Find in terms of the functions of the multiples of #, 
1. sin 4 #. 2. sin 7 #. 


dy . „ 

Integrate, 4. -p=sm 3 #. 


dy o 

6. --=COS“#. 

dx 


dy 

dx 


7. = sin G #. 


3. sin 2 # • cos 2 (2 #). 

dy . . 

5. ~r~ = Sin 4 #. 
dx 

8. e 21 • sin 2 #. 

dx 


9. Show that e ix = cos # 4- i sin #, e _,i = cos x — i sin #. 

Art. 69. — Differentiation and Integration of Power 

Series 

Consider the power series, 

(1) /(#) = a 0 + cii • # 4- a 2 • # 2 4- 


a n • # n + ci n+ 1 • # n+1 -I- a„+ 2 * a" + + *••» 

and denote the sum of the first n terms by s n (#), the sum of 
the remaining terms by r„ (#). 

Absolute Convergence. — Denote the numerical or absolute 
value of any quantity z by the notation |z|. So that | — 5 | = 5, 

Suppose in the power series (1), denoting |a«| by A n , that 
^l n X 0 M < M, where M is a finite quantity, for all values of n. 


-Xo 


+ Xo 


Fig. 78. 


Take I # I = X < X 0 ; then, since A n < ^ by hypothesis, 


Xn n 


Aq -f- Ai X + A 2 X 2 4- • • • A n X n 4- 


o • 


m+m $ 0 +M ($y + - M (xj 


X X + 


Since by hypothesis M is finite and 


X 

Xo 


< 


1, by Cauchy's test 
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the right-hand member of the inequality, and consequently the 

left-hand member, is a convergent series. That is, the sum of 

the absolute values of the terms of the original power series 

is convergent for | x \ < X 0 if A n X 0 n < M. This is expressed 

b y sa yi n g that the given power series is absolutely convergent 
within the region — X 0 < x < X 0 . 

Example. — In the expansion, 

(1 - X 2 )-* = 1 + t .+1 *• + a* + af + Jfr x"> + ..., 

when x = 1 , each term is less than 2. Hence, the series is 
absolutely convergent for — 1 < x < 1. 


Uniform Convergence. — Writing 
A °+ A i X+A 2 X*+ .. ■ A n X- + A n+1 X" +1 +• • • = SJX)+E„(X), 


r„(o -)>R n {X)<M(X)"+ m(X\ 


/X \ n+1 

[—■) + - for | x-1 = X < X (l . 


**■©'Hr 

■Now, n may be taken so large that, for all values of X < X, 
'XY 1 

X f° r the same value of n becomes less than e, 


0 ) 


Ml xJ 


1 - 


X 0 


however small e may be assumed. Consequently, since 

r n(x) > R n (X), for all values of a between — X 0 and -f- X 0 

the expression r n (x) can be made less than c for one and the 

same value of n. This fact is expressed by saying that 

the power series is uniformly convergent in the region 
— X 0 < x < X 0 . 

Example.—T he power series l+aj+ar’+ar’H- x tl +cc n+1 -\ _ 

is absolutely convergent for | a> | < 1. * Assuming € = .000001, 
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determine n so that for this value of n r n (x) < e for all values 
of x between — \ and -J- 


Since r n = 


x 


n 


—, by the conditions of the problem r n <{\) 
x 


IV *- 1 


The conditions of the problem are satisfied when (£)" 1= =-000001, 
that is, when n = 22. 

Continuity. — Denote by x and # 0 any two quantities numeri¬ 
cally less than X 0 . Since f(x) = s n (x) -f r n (x), 


f(x) —f(x 0 ) = ls n (x) — s n (x 0 ) l+ {r n (x) - r n (x 0 ) f. 

Since rc, however large, is supposed to be finite, x may be 
taken sufficiently near x 0 to make | s n (x ) — s n (x 0 ) | < c, however 
small € may be assumed; and since by hypothesis x and x 0 
are within the region of uniform convergence of the power 
series, n may be taken so large that | r n (x) | and | r n (x 0 ) | each 

become less than c. Consequently | /(*) — /(«*») I < and 
the function defined by the power series is continuous in the 

region of uniform convergence. 

Integration. — To show that between limits within the region 
of uniform convergence the limit of the sum of the integrals of 
the terms of a power series is the integral of the limit of the 

power series, write 

^f( x ) d x =^*^ a o ’ ^ x “b § ayxdx -f -^ a 2 *x 2 dxA~ ••• 

+ f r n(p)^ 

where a and p lie within the region of uniform convergence of 

/ (a) == a 0 + «! • x + a 2 • ar 2 -j- Oa * & H- 

Now f P r n (x)-dx< •s. fi dx = e(fi — a), where e is a quantity 
which approaches zero as n approaches infinity. This proves ^ 
the proposition. 
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The series 

f(x) = cv \p(x) -f a x • ip(x) • <f> (x) + a 2 • \p (x) • [0 (a)] 2 H- 

may be integrated term by term between the limits x = a and 
* = P provided a and /3 lie within the region of uniform con¬ 
vergence of the series a 0 -f a x . <f> (x) + a 2 • [</> (x)] 2 H-and ip (x) 

is finite from x = a to x = (3. 

Example I.—Expand tan' 1 # into a power series by inte¬ 
gration. 

d 1 

tan -1 x = --= 1 — x 2 -f- x 4 — x 6 -f x 8 — x 10 -f • ••, 


dx 


1 -fx 2 


a power series uniformly convergent for | x | < 1. Hence term 
by term integration gives a valid result, and 


x 3 , x 5 x 7 . x 9 x 11 


tan- I x = *_| + |_^ + |_±_+... for |x|<l. 

From this expansion is obtained Eulers series for the calcu¬ 
lation of 7 r. Writing 


Hence 


and 


tan u = \ and tan v = tan (u -f v) = 1 = tan g. 
j = u + v = tan -1 £ -f tan' 1 ^, 

4 — (2 - 3T2» + 5T2"‘ ) + (3~3-3 1 + 5-3‘ ) 

Example II. — Find the value of t when 

. 4 r s'* 


x 


dy 


, h <2 r. 


N'TgJo ■V(h — y)(2ry — y 2 j 

Here t is the time of vibration of a simple pendulum of length r, 

the bob starting at a distance h above the horizontal through 
its lowest position. 
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Substituting y = h* sin 2 #, 


t = 


4r 


i 


2 h • sin # • cos # • dQ 


■\j2g^ Q Vh • cos # • sin # V2 rh — h? sin 2 # 




rr 


d0 




= 4^fYl-|-sin’* 

\lgJo ^ 2r 


y d$ 


-4.C rT1 +1.A.*,.«+!.?Y*.Y.«n«* 




2 4 V2r 


4 




• • • 


JfW 



If h is small compared with 2r, t= 2n\- is an approxima- 

*g 

tion sufficiently accurate for most purposes. 

Differentiation. — To find under what conditions the sum of 
the derivatives of the terms of a power series, 


f(x) = a 0 + * 35 d- «2 • ar 2 + 03 • -f- ••• a n • x n + •**> 

uniformly convergent for | x | < X 0 , is the derivative of the 
function defined by the power series, write 

(x) = Oj -f- 2 o 2 • x -f- ••• n • a n • of (w -f 1 ) • a n+1 • x n H-• 

By hypothesis the series defining f(x ) is uniformly convergent 

for | a; | < X 0 . If from and after some fixed term the ratio of 
the corresponding terms of <f> (x) and f ( x ) is not greater than . 
unity, <f> ( x ) is uniformly convergent when / (x) is uniformly 
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convergent. The ratio of the (n -f l)th terms of (x) and 
f(x) is nf ^j where x& and x f denote respectively the 

\X/) a* 

variables of the <£ and / series. Hence <£ (x) is uniformly con- 

If 


vergent when 

» M n 1 

> 1, that is, when n 

x# 


\x f J x$ 

* f 

x / 


x <t> is taken less than x n limit = 0 when limit n = oo. 

Hence ( x ) is uniformly convergent for | x | < X, when X 
lies within the region of uniform convergence of f(x). For 
these values of x, <f>(x) may be integrated term by term, and 

f(x) — ^ $ ( x ) dx = a 0 -|- a x • a -f- a? • a 2 + a 3 • a 8 -f- • • •, when a 

and x lie within the region of uniform convergence. Differ¬ 
entiating this result, f'(x ) — <j> (x) = 0; hence 


f (*&) = ~b 2 CL<i • X -f- • • • -f- 11 • Q- n • X n 1 -}- • • •. 

That is, a uniformly convergent power series may be differ¬ 
entiated term by term as long as x is within the region of 
uniform convergence of the power series. 

Example. — The expansion 
( 1 ) !«•+*. 
is uniformly convergent for | a; | < 1. Obtain the expansion of 
(1 — ar 2 ) ^ and (1 — x*)~^ by differentiation. 

Differentiating (1) and dividing by x f 

(2) (1 — or 2 )”^ = 1 -f-1 x 2 + - 1 / x* -f f£ a; 6 -f • ••; 

differentiating (2) and dividing by 3 x , 

(3) (l-a^-S = l + fa^ + i^+.... 


PROBLEMS 

Expand by integration, 

1. log(l x). 2. log (1 — x ). 


3. sin" 1 x. 
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From the expansion of (1 — a;) -1 obtain by differentiation the 
expansion of, 

4. 5. (1 — x)~ s . 6. (1 — x)~ 4 . 

7. Find the length of the ellipse x = a cos <£, y = b sin </>. 
If the arc is measured from the end of the major axis, 


x 


where e is the eccentricity of the ellipse. 


x. 


7T 


8. The discharge of water per second through a circular 
orifice of radius r , the plane of the orifice being vertical, 
when h is the head of water on the center of the orifice, is 


x 


+ r 


9. Evaluate the definite integral ^ e ** • dx. This is 
called the probability integral. 


10. Evaluate 


x 


i—x 


dx. Expand e x and e * separately, 


And express 


e x — e~ x 


in the form of an infinite series. 


x 


Art. 70. — Expansion of u x = fix + h, y -f k) 

Let u= f(x, y) denote a continuous function of two inde¬ 
pendent variables. Denote by u x = f(x -f h, y + &) the va ^ ue 
of u when x and y are increased by h and Tc respectively. 
is to be expanded into an equivalent series in the ascending 
powers of h and 7c. 

Denoting by u 0 the value of u when x is increased by h and 
y remains unchanged, by Taylor’s series, 


% 


,7. \_ . I dw- h ^_d 2 n h*d 3 u h* ,d 4 u IS , 

u 0 =f(x + h,y)=u + -.h + —. + _.- + ^. 4! + 




* 


■ 


EXPANSIONS 


193 


Now u x is the value of u 0 when y is increased by k, x remain¬ 
ing unchanged. Hence = f(x 4 - h, y 4 - k) 

k 2 fc 3 

dy 2 2 ! + ay 3 '3! + 


= it 


0^ + ^ 0 


dy 

- 6 >£ 


-f' 

7i 4 " 


a 2 ^ 

a or 


/i 2 w^* a 3 ^ 

2! "* ao4 


— 4 - 
3! 


, aw 7 . 

+ -r- •& + 




+ 


a g M 

dxdy 

d 2 u 

dy 2 


11 , d 3 ** 7r7c , 

7i& 4 -b 

aa; 2 ay 2! 

fc 2 ^ /^ 2 , 

2! ‘ dxdy 2 * 2 ! + 


&u k 3 
ap ’3! + 


+ 


a 4 w 0 

k 4 


*4! 

a 4 *< 

1^ 

a.r 4 

-- • ••• •» 

*4! 

a 4 ?* 


a^* 3 a y 

3! 

a 4 » 

Irk 2 

dx 2 dy 2 

21 

d*u 

hk 3 

dx dip 

3! 

d A u 

A : 4 

sj/L 

*4! 


• • • 


• • 


• • • 


+ 


tT 

• • • 


u- 


For example, in the sphere 3? + if 4 - z 2 = 25, at the point 

(0 + / t , 4 + fc, z), z = 3-$k-$h*-$}<? -. If h — .5 

and fc = .1 2 = 2 .78. 



CHAPTER XI 


APPLICATIONS OF TAYLOR’S SERIES 


y 


Art. 71. — Maxima and Minima by Expansion 


y j > 


If the function y = f(x) is continuous in the neighborhood 
of (# 0 , 2/ 0 )> and Vi denotes the value of y corresponding to 
x = x 0 ± h , by' Taylor’s series, 

(l) y , - 2/0 =/'(*») (± (*0)^7^+ -• 

If h approaches zero, y x — y 0 approaches the term of the 
right-hand member of (1) which contains the lowest power of 
h. Hence, if f'(x 0 ) ^ 0, y x — y 0 changes sign with h, and y 0 is 
neither a maximum nor a minimum ; if f'(x) = 0 and /"(^o) 
is negative, y — y 0 is negative for 4- h and — h y and y 0 is a 
maximum ; if f'(x 0 ) = 0 and f"(x 0 ) is positive, — y 0 is P 0S1 ‘ 
tive for -f - h and — /*, and y 0 is a maximum; if f r ( x o) = ^ 
f"(;x 0 ) = 0 and f"'(x 0 ) ^=0, y x — y 0 changes sign with h, and 

y 0 is neither a maximum nor a minimum. 

In general, if the first derivative in the expansion ( i ) pot to 
vanish is of an odd order, the function is neither at a maxi¬ 
mum nor at a minimum; if the first derivative not to vanish 
is of an even order, the function is at a maximum if this 
derivative is negative, at a minimum if this derivative is posi¬ 
tive. This agrees with the results of Ari^ 24 

194 
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If the function u = F(x , y) is continuous in the neighborhood 
of ( x o, 2 / 0)9 and u 0 denotes F(x 0 , y 0 )> u x denotes F(x 0 ± h, y 0 ± k) j 
by Taylor’s series, 

( 1 ) Ul = ~ (h) + ~ (*) 

dx 0 dy 0 


\ dx/ 


+ i\~h^ + 2 


d 2 F 


dx 0 dy 0 


hJc + . V l 

dy» ) 


+ 


1 (3 s F m . , » J2J , „ d 3 F 

v\w h+3 ^-- hk + 3 


dx/ dy 0 


dx 0 d%‘ 


hk 2 + 


d 3 F 

dy/ 


k? 


1+- 


where ... d «» ote 

dx 0 dy 0 dx 0 2 dx dy dx* 


• •• when x=x 0 , y=yo. 


If It and k approach zero, u x — « 0 approaches the sum of the 
terms of the right-hand member of (1) which are of the lowest 

dimensions in h and k. If either or both — are different 

. dx o dy 0 

trom zero, u x — u 0 has different signs for different values of 

h and k , and is neither a maximum nor a minimum. If 

d 2 F d 2 F . , 

are not each zero, u 0 is 


^ =0 dF_ 0 d 2 F 

dx ° ’ dy 0 ’ dx/ dx 0 dy/ dy 2 


a maximum if h 2 -f- ■■ hk -f- ^-^k 2 is negative for all 

dx o m m dx 0 dy 0 dy 0 2 

signs of h and k , a minimum if this expansion is positive for 
.all signs of h and k. 


Writing gr.V+zJW-.Kk + ZZ. 


dx 0 dy 0 

■••?»+w.*Y+ 


k 2 


— \ dx o 2 dx, ,dy 0 


dy* 

d 2 F d 2 F 
dx 2 * dy 0 2 




da :,, 2 dy 0 



ft* 


d 2 i^ 


it is seen that u x — is negative for all values of h and k, and 

consequently u 0 is a maximum, when and are both 

dx/ dy 0 2 
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, d 2 F d 2 F ^ 

negative, and — • — > 

. . , d 2 F 

a minimum, when —- 

dx 2 

d 2 F d 2 F ^ f d 2 F V 


{ fit]? \ 2 , 

-) ; u i — u o is positive, and w 0 

and are both positive, and 

<ty 0 


5o: 0 ‘- d?/ 0 2 > ld.r 0 dy 0 


Example. — Find the dimensions of the rectangular parallel- 
opiped of maximum volume, sides parallel to the coordinate 

y2 2;2 

axes, that can be inscribed in the ellipsoid — + 7 ; + -5 = - 1 * 

a 1 F cr 

The volume of the parallelopiped is 


Z 



If V is a maximum, Fi = a^v 2 — — ^ is a maximum, 

a 2 F 

and vice versa. Forming the partial derivatives of Fi, 

5F;_9 2 4®Y 

dx~ ** a* 



4xY 
6 2 ’ 


. 12 xV 2j^ 

ax 2 J a 2 6 2 ’ 
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&V , 

dy* 

d 2 Vy 
dx dy 


9 1 9 ~2„2 

9 ^2 *- S' 1 w X ?/ 

w x ^--j 

a- 6 ” 


V •> 1 ») 

cr b“ 


The conditions ^ = 0, — 1 = 0 make x = —, y = —. 

rnu ^ V3 V3 

These values of x and y make 

5!F 1 __8_6 2 d 2 F,_ 8a 2 

d-B 2 9 ’ dy- 9 ’ dx dy 

d 2 V, d 2 Vi ^ / d~ V , x 2 


a 2 Fi _ 4 

9 


Since 5 and are both negative and *3. 3 -!Zi > /iLZtV 

_ ay- ° a<r ay 2 U* a?/ J ’ 

K! is a maximum. Hence the dimensions of the maximum 
parallelopiped are *VL 

Vs Vs Vs 


PROBLEMS 

1 . A box with open top in the form of a rectangular paral¬ 
lelopiped contains 108 cubic inches. What must be its dimen¬ 
sions to require the least material in construction ? 

2 . Find the point ( x , y , z ) the sum of the squares of whose 

distances from (a x , b lf Cj), (a 2 , & 2 , c 2 )> c 3 ) is a minimum. 

3. The sum of the three dimensions of a rectangular 
parallelopiped is a. Find the dimensions when the volume is 

a maximum. 

4. Find the dimensions of the cistern of maximum capacity 
that can be built out of 3000 square feet of sheet iron, the 
cistern being of the form of a rectangular parallelopiped and 

without lid. 

5. The sum of the three dimensions of a rectangular 
parallelopiped is a. Find the dimensions when the surface is 

a maximum. 
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Art. 72. — Contact of Plane Curves 

Plot the curves representing the equations Y = F(X) and 
y =f(x ) to the same coordinate axes, and denote by Y 0 and y<> 
the values of Y and y corresponding to X=x 0 , x=x 0 , by Yi and */i 
the values of Y and y corresponding to X=x 0 ±h, x = x 0 ±h. 
By Taylor’s series, 


dY 0 , t . d 2 Y 0 


Tl - Yo+ dX» ' dX 0 2 21 


+ 


d 3 Y 0 (±7i 




dXo* 31 dX 0 4 4! 


v = v | dy 0 ,. jrx , d 2 y 0 (±h) 2 d?y 0 (±7i) 3 , dj/o (±]±L -f- ♦»». 

Vl y ° + dx 0 i ' ± } + dx 2 21 ' dxQ 3 31 ^dxj 4! 

Hence 


r, - „ = (r. - y .) + (g - *) ( ± '*)+(@ - 


d 2 y< 

day 


2! 


g H 0 

dAV 


d 3 yo 
dx n 3 



3! 


The curves Y 
Y 0 =zy 0 when X 0 


F(X), y=f(x ) have a common point if 
x n . The difference between the ordinates 



Fig. 75. 


corresponding to x 0 ± h when h approaches zero is of the first 
degree in h if of the second degree in h and the 

(xXq d Xq 

curves are said to have contact of the first order, if 


dY 0 __ dy 0 d 2 Y 0 d 2 y 0 . 

dX 0 dx 0 dX 0 2 day 2 9 
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of tlie third degree in h and the curves are said to have con¬ 
tact of the second order if and 

c PY 0 d 3 )/o dx q d A 0 2 dx 2 

dX ( 3 ^ dxj*' & enera ^ tlie difference between the ordinates 

is of the (?i -f- l)th degree in h and the curves are said to have 
contact of the ?ith order when the first pair of corresponding 
derivatives not equal are of order n -f- 1. 

If the contact of the two curves Y=F(X ) and y=f(x) at 
( x o> Vo) is of an even order 2 m, 



d 2m+l F 0 _ d 2m+ h , 0 \ (± /0 2m+1 
dX 0 2m+1 dx*** 1 ) (2 m +1)! ’ 


Hence Y x — y l changes sign with h and the curves intersect. 
If the contact is of an odd order, the curves do not intersect. 

Suppose the equation y=f(x ) to be completely determined, 
while the equation Y=F(X ) involves arbitrary constants, 
that is, parameters. The condition necessary for the inter¬ 
section of the curves represented by the equations Y=F(X) 
and y =f(x) when X 0 = x 0 , namely Y 0 = y 0 , determines one of 
the parameters of Y = F(X ); the conditions for contact of 


win 


w . f /o 


the first order when X 0 = x 0y namely Y 0 = y 0 , , 

t dX 0 dxo 

determine two parameters of Y = F(X ); the conditions for 

contact of the second order Y 0 = n ft , ^ 

_ ^ dX 0 dx 0 dX 0 2 dx 2 

determine three parameters of Y= F(X). In general, con¬ 
tact of the nth order determines n +1 parameters of Y=F(X). 
It is also evident that the highest order of contact Y= F(X) 
can in general have with another curve y —f ( x ) is one less 
than the number of parameters of F= F(X). 


Example I. — Determine the order of contact of 4 y = x 1 — 4 

and jc 2 -j- 2 / 2 — 2 y = 3. 


200 DIFFERENTIAL and integral calculus 


The common point is (0, - 
J . . dy . cl 2 y 1 

tlon S lves d* =°> d? = 2’ 


1 ). 

d 3 y 


For this point the first equa- 

_74 . . 


dx 1 


o, *JUo, •••, the second 
dx* 


dy A d 2 y 1 
equation -f- = O, * — 


dh, 


dx 7 dx 2 2 dx* 

is contact of the third order. 


L-0 d * y - - - Hence there 
y ’ dx 4 * 


8 


; 


Example II.—The equation y=f(x) represents a fixed 
curve, (X — m) 2 4- ( Y — n) 2 = R 2 is the equation of any circle. 
The parameters m, n, i? are to be so determined that the circle 
has contact of the second order with y=f(x ) at the point 

Vo)- 

The problem requires that 




when X 0 = x 0 . Differentiating the equation of the circle twice ^ 
in succession, 

(X- m) 2 + (X- n) 2 = R\ (X- m ) + (X- = °> 



By the conditions (1), these equations become 

(x 0 — m ) 2 + (y 0 — n ) 2 = -K 2 , (a\) — m) + (y 0 — 

dx Q 2 dx b 2 


'dxo 


Whence 




n = F 
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This circle is called the osculating circle at the point ( x 0 , y 0 ) 

of the curve y =f(x ), and by comparison with the results of 

Art. 44, this circle is seen to be identical with the circle of 
curvature. 

PROBLEMS 

Determine the order of contact of 
1 . y 2 = 4:X and aj* -f- y 2 = 4 x. 

2 - 2 ?y + y — x = 0 and y= 0. 

/g2 

3 * + y 2 = 1 and xr + y 1 -f- 6 y —- 7 =0. 

4. Show that at a point of inflection the tangent y = mx -f- n 
has contact of the second order with y = f(x). 

5. Show that at a point of maximum or minimum curvature 
of V =/(«) the osculating circle has contact of the third order. 


Art. 73. — Singular Points of Plane Curves 

Let (x 0) y 0 ) be any point of the plane curve F(x y y ) 
(*» 2/° d" ^0 any other point. By Taylor’s series 

+ /*, y 0 + h) = ~.n 

ox 0 dy 0 


= 0 , 


dx 0 dy 0 


dy« 


Denoting the point (x 0 + h, y a + jfc) by (a;, y), this series 

becomes 


(!) ^ 

- 


(x - Xo) + 


+ ^ { L/ ( * - ^ + 2 - *o) (3/- 2/o)+g(2/- 3/o) a } 


+ ••• = 0 . 
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If either or both ——, differ from zero, when (x, y) in* 

d.t* 0 dy 0 

definitely approaches (a* 0 , y 0 ), (1) approaches 

|^(a: - a;„) + ~(y - y 0 )= 0, 

the tangent to -F(a, y)= 0 at (x 0 , y 0 ). 

If = 0 and = 0, (1) approaches 
dx 0 dy 0 ,w 

J J5<* - * + *«£«- - »>+5 1 »■-- a 

This e<fuanon is homogeneous of the second degree in (x—x 0 ) 
and (y-~y 0 )) and therefore represents two straight lines through 
(x 0) y 0 ). This means that at the point (x 0 , y 0 ) of the curve 



Fig. 76. 


F(x, y)= 0 two tangents can be drawn to the curve. II the 
curve stops at (.r 0 , y 0 ) and the_ tangents are real and distinct, 

the curve is said to have a salient point at (x 0 , y 0 ) J ^ tan “ 
gents are real and coincident, the curve is said to have a cusp 




* 4 
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at 0 ^ 0 ) 2/o)> of the first species when the two branches of the 
curve lie on different sides of the common tangent, of the 
second species when both curves lie on the same side of 
the common tangent. 

If the curve does not stop at (x 0 , y 0 ) and the tangents are 
real and distinct, (x 0 , y 0 ) is a point where the curve crosses 
itself, called a node. 

If the tangents are real and coincident, two branches of the 
curve are tangent to each other at (x 0y y 0 ), and (x 0 , y 0 ) is called 
a tac-node. ( y) a A , 

If the tangents at (.t 0 , y 0 ) are imaginary, (a: 0 , y 0 ) is Ail isolated 
point, called a conjugate point of the curve. 

An ordinary or regular point of a curve is a point (x 0 , y 0 ) for 

which — and ^ are not both zero; all other points are 
dx dy r 2 

singular. The points of inflection of a curve, where c —^ = 0, 

doc* 

are also classed as singular points. 

Example I. — Examine ar* — 3 xy 4- y 3 = 0 for singular 
points. Here 


dF 

dx 


=3a?-3y, I?,- 3x+Zy*, 


The conditions — =0, — =0 

dx dy 

determine the singular point 
(0, 0). For the point (0, 0), 

*?_o 62 F - 

9 dy 2 9 dxdy 

Hence the two tangents at 

(0, 0) are x = 0 and y = 0, 

the coordinate axes. Plotting 

the curve in the neighborhood 

of (0, 0), it is seen that the 

origin is a node. 
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X 


✓ 


Examine y 2 — x* + 2 x 2 = 0 for singular 


Example II.- 
points. Here 

dF - 3x?-i-4:X dF -2v * F - 6 a,- + 4 -2 J*£ = 0. 

to" d + ' V ’ dx* -~ Gx + *>W~ ’ dxdy 

The conditions — =0, - F = 0 determine the singular point 

dx dy 


d 2 F 


0). For this point — = 4, 


d 2 F_ 9 
.2 “ 


d 2 F 


= 0. Hence 

dx 2 7 dy 2 7 dxdy 
the tangents at (0, 0), represented by 4 x* + 2 y 2 = 0, are 

y = ± V —2 • a;, and the point (0, 0) is an isolated point of 
the curve. 




Example III. 
dF ' 


Examine y 2 = ar 3 for singular points 


-u- ' o JJ dF cy d 2 F /» d 2 F n = 0. 

Here- = -3a- ¥ = 2y , — = -6*, — = 2, ^ 

The conditions — = 0, — = 0 determine the singular point 

dx ay 

(0,0). For this point 0=0, ^=2,^ = 0. Hence the 

two tangents at (0, 0), represented by 2 y 2 = 0, coincide with 
the X-axis. Plotting the curve in the neighborhood of (0, 0), 
it is seen that the origin is a cusp of the first species. 


PROBLEMS 

Examine for singular points, 

1 . a?+3x‘—y 2 +3x+4:y—l=0. 4 . y 2 = a? + 2x?. 

2. (y — = art 

^ 6 . {x? + f) 2 = a 2 (a? 


6 . = + 


3 . y 2 = 


-f) 


x — 2 


7 . (xy +1 y + (x-1 y(x- 2 ) = 0 . 

8 . y 2 = x A — xP. 


CHAPTER XII 


ORDINARY DIFFERENTIAL EQUATIONS OF FIRST ORDER 


Art. 74. —Formation of Differential Equations 
An equation containing ordinary derivatives 


. *(*■ * s- s) - ° 


is called an ordinary differential equation. 
An equation containing partial derivatives 


Fix, y, z, 


dz_ dz dh dh 
dx ch / dor 2 ’ c )y~ 


= 0 


is called a partial differential equation. 

The order of a differential equation is the order of the 
highest order derivative occurring in the equation. 

The degree of a differential equation is the greatest expo¬ 
nent of the highest order derivative when the exponents of all 
derivatives in the equation are positive integers. 

Example I. — The equation (x — c) 2 -f- y 2 = \ c 2 represents 
all circles with center in the X-axis and with radius ^ the 
abscissa of the center. Differentiating this equation with 

respect to x } x — c -\- y < ^ = 0. Eliminating c from this result 

and the given equation, 3 y 2< & — 2 xifa -f- 4 y 2 — x 2 = 0, the 

dx* dx 

differential equation of the given system of circles. Solving 
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48 f 


the differential equation for c lll — ~ X1 J ^ "^46 x nf 48 y_. 

dx dx 6 y 1 

Hence for every point (a;, y) of the plane where 16 x*y 2 —48 if > 0, 
the differential equation determines two unequal values for 

where 16— 48 if = 0 , the two values of ^ are equal; 

dx dii dx 

where 16 x 2 y 2 — 48 y 4 < 0 , the two values of ^ are imaginary. 

Geometrically these results mean that through points (x, y) 

for which-—— two circles of the system pass 

V3 V3 

and their tangents at (x, y) have different directions; through 


Y 



Fig. 7S. 


points (x, y) for which y = ± pass two circles which have 

V3 v 

a common direction at this point; and through points (x, y) 

• CC^ • 

for which y 2 > — no circles of the system pass. 

If x , y , ^ satisfy the differential equation, ^x, y , JjQ de- 
notes a point in the circumference of one of the circles of the 
system and moving along the circumference. If fx, y, 


moves along in obedience to the differential equation, changing 
its direction continuously, it describes the circumference on 
which it started. ' 
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If, however, fx, y , ^ ) denotes a point in either of the lines 

* . V dx J 

V = ± —-9 it may move along in obedience to the differential 

V 3 

equation without a discontinuous change of direction, and 
describe the straight lines y = ± 


VS 


These straight lines are 


the envelopes of the system of circles (x — c) 2 -f y 2 = J c 2 . 

The equation (x ~ c ) 2 y 2 — \ c 2 is called the general solu¬ 
tion of the differential equation 

— 2 xy ( ^- + 4 y 2 — a,* 2 = 0. 
dx~ dx 


The solution obtained by assigning to the arbitrary constant 
in the general solution some particular value is called a par¬ 
ticular solution of the differential equation and represents a 
particular circle of the system. 

The solution y = ± which cannot be obtained from the 

Vs 

general solution by assigning a particular value to the arbi¬ 
trary constant, is called a singular solution of the differential 
equation. If the differential equation is written F(x, y , p) = 0, 

where p = ^2, the preceding analysis shows that the singular 
solution is the ^-envelope of the equation. 


Example II.—Form the differential equation of the sys« 
tem of circles x* + y 2 - 2 ax — 2 by + c = 0. 

Differentiating three terms in succession, 

(i) 
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clx \dx?J 


<?y 

dx? 



Observe that in Examples I. and II. the order of the differ¬ 
ential equation is the same as the number of arbitrary con¬ 
stants in the general solution. This is always the case. 

The solution of a differential equation is also called the 
primitive of the equation. The differential equation is ob¬ 
tained from its primitive either directly by differentiation or 
by the elimination of constants from the primitive and its 
derivatives. The process of finding the primitive of a differ¬ 
ential equation is called solving the equation.* 


PROBLEMS 


Form the differential equations of the following primitives, 


1 . y = cx + c — c 3 . 



y = Cl x? -f 



3. (y + c) 2 = 4 ax. 4. y = c#** -f c 2 e-“ 

5.' y = Cj cos (ax -f- c 2 ). 6. y = + cjr** + c 3 (?. 

7. Form the differential equation of the system of straight 
lines y = mx -f- n. 

8 . Form the differential equation of the system of circles 
concentric at the origin. 

9. Form the differential equation of the system of parabolas 
y 1 = 2 px. 



* The mathematical expression of every physical law leads to a differ¬ 
ential equation. For example, the relation between current i and time t 
in a circuit whose constants are /?, Z, C is expressed by the second order 

differential equation = —/'(«)> where /(<) is the elec- 

dt L (It LC L 

tromotive force expressed as a function of time. 


4, 
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10 . Form the differential equation of the system of ellipses 



11 . Form the differential equation of the system of tangents 
y = sx ± Vl -h sr to xr -f- y 2 = 1 and find the singular solution 
of the differential equation. 

12 . A point (x, y) generates a curve. Write the differential 
equation which expresses the fact that the angle the line from 
the origin to ( x , y) makes with the X-axis is the supplement 
of the angle the direction of the point (x, y) makes with the 
X-axis. 


Art. 75. — Solution of First Order Differential 

Equations of First Degree 

First order differential equations which are readily solved 
occur in the following standard forms : 

Standard I.— 4- X 1 Y l = 0, where X, Xi are func- 

f dx 

tions of x only; Y, Y 1 functions of y only. Dividing the 

equation by XY ly — = 0, the variables are separated 

Y 1 dx X 

and each term may be integrated. 


Example. — Solve (ar 2 — yar 2 ) — -f- y 2 4- xy 2 = 0. Writing the 
1 7 / 1 | f dso 

piation —dy q- 1 ^ x dx = 0 , and integrating term by 
rm, log5_L±^ =c . 

mo« 


y 


XV 


Standard II. —^ where (x , y) and f 2 (x, y) are 

^ ft \ x > y ) 

Homogeneous functions of the same degree. Now, a homo¬ 
geneous function of degree n y 
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ax" + bx n ~ l y -f cx"~ 2 y 2 + ... hx 2 y"~ 2 -f- kxy n ~ l + ly n , 
may be written 


*'ia + b*+£+...k£l+*r? l+ £)' 

V cr. cr* x" 2 X n ~ l X n ' 


X 


Hence, f - „ F 

cix 4 


f 2 (x, y) 



Substituting - = z, 

X 


the given equation becomes z -fa;— =F(z), whence — 

dx 

where the variables are separated. 

Example. — Solve y 2 -f- x 2 — = xy— 

r7^ rl sv% 


?y =z+ x- 

dx dx ’ 

dx dz 
x ~F(z)-z’ 


dx 


dx 


y 


tt dy y 2 x 2 v dy dz 

He re J - Substituting i = z>^. = z + x di’ 

X 


the given equation becomes 


z -f- x whence — = ^1 — 


dx z — 1 


dz. 


Integrating, log x = z — log z -f- log c, or — = e x . Substituting 

y C 

z — -, y=C'e*. 

X 

£ 

Standard III. — (ax + by + c) ^ + Ax By + C = 0, where 

dx 

a, b, c, A , B, C are constants. Substituting (1) a; = %o + 
y = y 0 + yi) whence g = g, 

1 ( ax 0 +by a +c) + (aa:, + by x )\ + (Ax 0 +By 0 +C) + (Ax l +By x )= 

fltej 

Determining # 0 , y 0 so that ax 0 4- 6y 0 -f- c = 0, -4ir 0 -f Ifyo + <?= ^ 

" ~ - • 

the equation becomes 


, Bc-bC 

whence x 0 = — -y 0 


(aXi 4- by x ) ^ 4 - By x = 0, which is homogeneous of the 


Ab—aB 


Ca — c^4 
Ab-aB* 


dxi 

first degree. 
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The substitution (1) is impossible when Ab — aB = 0. 
In this case, writing — = ~= m, the given equation becomes 

cly a b 

(ax -f by -f c) -X -f m (ax -f- by) + (7=0, where the variables are 
separated by the substitution ax + by = z. 

Example. — Solve (3y - 7 x + 7) + (7 y - 3 a; + 3 + = 0 . 

. . dx 

substituting x=x {) -\-x 1 , y=y 0 -t-yi 9 the given equation becomes 

K 7 2/o-3 x 0 + 3) + (7 ?/! — 3 a;,) \ 

CvXj 

+ {(3yo-7ajb + 7) + (3^-7^)} = 0. 
Writing 7 y 0 — 3 x 0 -f- 3 = 0 , 3 y 0 — 7 a ’ 0 -f- 7 = 0 , whence x 0 = 1 , 
y° ~ 0) there results (7 — 3*,)^!+ 3z/,- 7x, = 0. This 


equation may be written _ ?/! = 


7 — 3 — 




7--3 

a;. 


-, which, by the substi¬ 


tution 2/ J — * fyi „ , dz da?! 7 2 

. *1 dx i dx 1 ajj 7(1 

tegrating by partial fractions, 


2 2 ) 


(Z 2 . In¬ 


log x x = — f log (1 + z) — ^ log (1 — 2 ) + log c. 
Substituting 2 = there results, finally, 

(® + 3/-l) 5 (*-y+ 1) 2 = (7. 

Standard, IV. — — + X x y = X 2 , where and X 2 are func- 

1 * ClOC 

ions of x only.. Since this equation is of the first degree in y 

&od its derivatives, it is called the linear equation of the 
first order. 

Consider the equation ^ + X^y = 0. Writing this in the 

ax 
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form — = — X l dx and integrating, y=c • e~f Xldx or y • e! Xl dx=c. 

y 

Differentiating this result, e f x ' dx ( ( ^L N. l y\ = 0. 

\dx ) 

To solve — - 4 - X x y = X>, multiply both sides of the equa- 

dx 

tion by ef Xldx , which gives e $ Xl dx -f- Xiy\ = e^ ldx X 2 . Inte- 

r \dx J 

grating, y • = I ef Xldx X 2 dx -f(7, whence — 

y = * jje J** <7j* 

The equation ^ -f Xiy = Xoy n is reduced to the linear form 

J cicc 

by dividing by i/ n . This gives y~ u ^--\-Xjy 1 ^ = X 2 - ^ ow 

(tec 


v -ndy = A fv-nJy^ 1 

dx dxJ dx 1 — 


— —-y l n . 
ndx 


Hence the given equation becomes 

|+ (!-«) • y'- n = (1 - ») 

which is linear if 2 / 1-n is considered the dependent variable. 

Any equation of the form f'(y) ^ -f X^f (y) = X 2 becomes 

dec 

linear by the substitution z=f(y), =/'(?/) 

Example I. — Solve (1 + x 2 )^- — xy = a. 

dx 

Writing the equation — x y = - a — ^ it is seen to be 

0^3/ "I* 3?* 

“ * ~ a Hence 


linear with = --—, X 2 = 

1 -I- or 


1 + ar 2 ' 


J*. Xi da; = log (1 -f- aF)~i and eI Xl *** = (1 + 

* Leibnitz seems to have been the first to obtain this formula. 
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Substituting in the formula, 

adx 


y = (l +«•)* 



(1 + 


+ C 


Now 


/ 


adx 


ax 


(1 + s 2 ) 1 C 1 + 


found by substituting x = tan 6. Finally y = ax -f C (l + xr)K 

Example II. — Solve — -}- y = ^y 3 . 

dx 

Dividing by f, y-^ + y- 2 = x . Writing y- 3 ^ = — ( 

dx dx dx 

the equation becomes — (— y -2 ) — 2 y“ 2 = — 2 a; and 

. dx 

y - 2 =e!^Je-i ' 2J *(- 2 x) dx = e 2 ^e" 2 * (- 2 *) 


- i 2T 2 ), 


Integrating by parts, 


T 2 = e 21 (xe~ 2 * + £ e~ 2 * + (?) = x +1 + Ce 2 *. 


;> 


V 


Example III. — Solve 3 y 2 — ay 3 = a? -f-1. 

dx 


Writing this equation A (y 3 ) - aif = x + \, 

dx 


y 3 


[/■ 


cc -f- 1 1 

■ - ■■ —— — • 


a 


Standard V. — Exact equations. A differential equation 
is said to be exact when it can be obtained directly by the 
differentiation of its primitive. By Art. 33 the equation 
Pdx -f- Qdtyj= 0, where P and Q are functions of x and y, is 

exact if The primitive is found by the method of 

Art. 33. V X 


Example. — Solve x (ar 2 + 3 y 2 ) dx + y (y 2 + 3 x 2 ) dy = 0. 

Jfa O® 8 + 3 xy *) = 6xy = — (y 3 + 3 a?y), hence the equation is 

** OX 

exact. Considering y constant, 
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f(^ + 3 xy 2 ) dx = \ x 4 4- f x 2 y 2 + /, (y). 


Differentiating this result partially with respect to y , and 
equating to coefficient of dy in given equation, 


d 


whence 


d 


3 xy + fi/' ^ =2/3 + 3 x * y > 


dy 


fi (y) = f and /, (?/) = \ y 4 + C. 


The primitive of the given equation is } ?/ 4 -f § ary 2 +-\x*+C=0. 


Standard VI. — Integrating factor. If the equation 
Pdx 4- Qdy = 0 is not exact, a factor /x may be found for 
which the equation yPdx 4- yQdy = 0 is exact, y. must satisfy 


the equation ~~(yP) = ~-(y.Q). 


If /i, is a function of x only, this equation becomes 


dP dQ^ n dfx -t Ida lfdP dQ 
/X—= /x-^ 4-whence = (- -— 

dy dx ox y dx Q\ dy dx 


and 


rl (&I _ *2.) ^ 

/ jL = e i Q Ks * hx) . 


If the equation Pdx 4- Qdy = 0 is homogeneous of degree 
m and the integrating factor /x homogeneous of degree n, the 
equation yPdx 4- yQdy = 0 is exact and homogeneous of degree 
m + n. Hence, by Problem 12, Art. 33, 


fxPx 4- yQy = (m 4- n 4-1)(7. 


Since C is an arbitrary constant, (m + n-\-l) C may be taken 

^ ■ ' I 1 . . .* a l 


- - - 7 \ - ' ■ / 

equal to unity and the integrating factor y. = 


Px 4 - Qy 

Since - d(x m y n ) k = x* m - 1 y kn - 1 (my dx 4- nxdy), the differential 

k 


/c 

expression xryP(inydx 4- nxdy) is rendered exact by the factor 
qjcm-a-iykn-p-i, where k is any number whatever. 
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Example 

equation ^ 

dx 


E — Eind the integrating factor of the linear 
+ Xiy = X 2 . 


Supposing the factor to be a function of x only, 

P = (X ] y — X 2 ), Q = l, and /x = e!* ldx . 


Example II.—Eind the integrating factor of the homo¬ 
geneous equation (xy -f f)dx — (xr — xy)dy = 0 . 

The factor is /x =- - -— _JL_. 

x?y 4 - xy 2 — z?y 4 - xy 2 2 xy 2 


Hence ^ 4 - 4 . $£ _ _ 0 

2x 2y'2y 2y 2 


is exact. Writing this equation dx 1 d V ■ ydx^xdy = 

x y y 2 

and integrating, log (ay) 4 - ^ 



Example III. — Solve (2 z?y 2 4 - y)dx — (z?y — 3 x)dy = 0. 
Break up the equation into two parts of the form 


&y*(my dx 4 - nx dy), xry(2 y dx — x dy) 4 - (y dx 4 - 3 x dy) = 0 . 

x y * 2 is an integrating factor of the first part, 
an integrating factor of the second part. These factors are 
the same when 2Tc-3 = k l -l, -k- 2 = 3 & 1 - 1 , whence 

v and the common integrating factor of both parts of 
the equation is x ^ y~^~. Multiplying the equation by this 
factor and integrating, £ ®Vy-> - \ af*y~V = C, whence 


4 afy = 5 4 - ChhP*. 


Standard VII. — The equation fi(xy)y dx 4 - f 2 (xy)x dy = 0 
may be solved by the substitution xy = v , whence 



xdv —vdx 
x 2 
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The equation becomes fi(v)-dx 4 - f 2 (v) X ^ V V -- = 0, reduc- 

ing to ^ = . t where the variables are separated, 

a; v\f 2 (v)-Mv)l’ 

Example. — Solve (x 2 f + xy)y dx + (ary — l)x dy = 0. 

x dv — v dx 


Substituting xy = v , dy = 


x 


the equation becomes 


't'd'D _ o) dx dx dv 

xao v_az = 0 , which reduces to-- = —• 


(-y 2 + -da; 4- ( v 2 — 1) 
v a; a; 

Integrating, loga; = log v 4- logc, a; = e cv and finally x = e***-. 

In attempting to solve a differential equation, determine 

what standard applies and proceed by the method of that 

standard. 


Solve, 


PROBLEMS 


4. 


7. 


— y 2 — xy = 0. 
dx 

2. 

( M a y-b. 

dx 1 — x 

3. (1 — x) 2 ydx 4- (1 4- 2/) a^dy = 0. 

^L + y = xf- 

dx 

9. 

(y-3*+3) d /=2y- 

x-~ — y = Var 2 —y 2 . 
dx 

10. 

dy_\l-y\ 

dx \ l-ar 2 

o 

II 

'ttl’S 

1 

£ 

+ 

11. 

(*+ ^'i - “• 

dx 

12. 

da; a; 

arty da; — (a^ 4- 2Z 3 ) dy — 6* 

13. 

x *2L- y = VZ+7- 

dx 


— £—4 


14. (ar 2 4-1)^4- 2ay = 4ar. 

CICC 

15. sec 2 x • tan y • da; 4- sec 2 y 

16. (y—»)^4-y = °* 


tan x* dy = 0. 




t 
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17. J = *y- a ry. 18. ^ = afx. 

ax dx 

19. (Vxy — l)xdy — (Vxy 4 - l)ydx = 0 . 

20 . (xy - y*. 

_V 

21 . xydy — y 2 dx = (x y) 2 e x dx. 

22 . (as - y)* + 2 xy g = 0 . 

23. (or 2 4 - 2 a^/ — y 2 ) dx = (a 2 — 2 ary — y 2 ) dy. 

24. ^ + ^ . 2 f— -^= 0 2 ^ d?/_ x 2 4- y 2 _ 

x y^\y x) U * Z5 ‘ dx 2 a^ 

26. y (xy 4 - 2 x 2 ?/ 2 ) dx 4 - x (xy — x 2 ?/ 2 ) cty = 0 . 

27. ^cosx 4- v sinx = 1. 
dx 


28. (x 3 4- 3 xy 2 ) dx 4- ( y 3 4- 3 x 2 ?/) dy = 0. 

29. (y* — 2 yx 2 ) dx 4- (2 xy 2 — x 3 ) dy = 0. 

30. (a + 2/)^+a; — y = 0. 31. ^ + jr cos x = sin (2 a;) 

ax dx 


32. gy = l +y + s/ 2 . 

dx - 1 4 - x 4- x 2 

33. « - 3 y*) + 2 /(3 or* - 3 ,*) ^ = 0. 

dx 

34 ‘ +«■&=■ «Y- 36. (1 + a 2 ) ^ - - = 0. 

ctx cc 


36. 7t/4-x4-2 

3x4-52/4-6 


37. 


y— 4- &y 2 = a cos x. 
dx 


39. 


38. (1 4- X2/) y dx 4- (1 — xy) xdy = 0. 
Determine the curve whose subtangent is constant, 


40. Determine the curve whose subnormal is constant. 

41. Determine the curve whose subtangent at any point 
equals the sum of the coordinates of that point. 
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42. The radius vector cuts a curve under a constant angle. 
Find the equation of the curve. 

y 43. Find the system of curves which intersect all parabolas 
y 2 = 2 px at right angles. 

Through every point (x, y) of the plane there passes one 

y parabola, whose direction at this 



For the curve 


• * • P V 

p0lnt 18 dx = y = 2* 

which cuts this parabola at ( x , y ) at 
right angles, = — —• Integrating, 

C1*1/ 


y 


Fio. 79. 


2 o 

H— -j— = 1, a system of ellipses, 
2 c 2 cr 


44. Find the system of curves in¬ 
tersecting the hyperbolas xy = « 2 
right angles. 


Art. 76. — Equations of First Order and Higher 

Degrees 


Case I. — Suppose the equation of the nth degree 


dy n . 


n—1 


dx' 




% 


n—2 


da; 


n-2 


+ 


+A - 2 S +p "- i I +l,n 


= 0 


to be resolvable into n factors, 

The given equation is satisfied only when one of these factors 
vanishes. Representing by 

fi( x , y, c i ) = y> c l) — ^ c «) = 0 

the primitives of the ?i first degree differential equations 
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obtained by equating to zero the n factors, the product of these 
n primitives 

fi (®> y> 0/2 0, y, c 2 )/ 3 (x, y, C3) •••/„ (x, y, c n ) = 0 

includes all the partial solutions of the given equation. Since 
in each partial solution the constant may have all values from 
4 - 00 through 0 to — 00, all possible values of the partial solu¬ 
tions are included in the product 

fi( x > y, <0/2 (x, y, c ) ••./„(: x, y, c ) = 0 , 

where c is an arbitrary constant. This last product is the 
general solution of the given equation. 


Example I. — Solve 
Write the equation 



the equations ^ 4- aM = 0, ^ — aW = 0. 

dx dx 


|=0, and solve 
The product of 


these solutions, ( y 4 - £ aW 4 - c ) (y — }aW 4 - c) = 0, reducing 
to (y 4 - c) 2 — £ax 3 = 0, is the general solution of the given 

equation. 


Example II. — Solve y^ 4 - 2 x^ — y = 0. 

dx 2 dx 

Solving for & = _ * ± V*^ 2 whence xdx +yM = 

ctx dx y y -y^-j-y 2 

Integrating, ± (x 2 4 - y 2 )^ = x 4 - c. Hence the general solution 
is [ (x 4-c) 4 - (x 2 4 y 2 )*} j (x 4 - c) — (x 2 4 - y 2 )^} = 0 , reducing to 

y 2 = 2 cx 4 - c 2 . 

Case II. — Suppose the equation (1) /(x, y,p) =0, where p 
stands for can be put into the form (2) y = F(x, p). 

Forming the x-derivative of (2) gives an equation of the form 
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(3) p=F, (x, 


P, 


dp 

dx 


If the prim itive of (3) is (4) (x, p, c )=0, 

the elimination of p from (1) and (4) is the solution of (1). 

In like manner if (1) f(x , y, p) = 0 can be put into the form 

(2) x = F(y, p), the ^/-derivative of (2) is (3) - = F^yP^j- 

If the primitive of (3) is (4) f x (y, p , c) = 0, the elimination of 
p from (1) and (4) is the primitive of (1). 


Example. — Solve y = p 2 -j- 2p 3 . 


-o„ d p 


2 dp 


The a>derivative of this equation is p = 2p ~ 4-6 p , 

dx dx 

whence c -f- x = 2p + 3p 2 . Hence x == 2p -f 3p 2 — c and 
y=p 2 - f- 2p 3 for every value of p determine a pair of corre¬ 
sponding values of function and variable of the solution of 
the given equation. 

Case III. — If the equation F(x, p)=- 0 cannot be readily 
solved for x or p, try the substitution p = xz. 

Example. — Solve a? 4- — ax^- = 0. 

dxr dx 

The substitution p = xz gives a? -f* x?7? — ax*z = 0, whence 


x = 


az 


l+z? 


Now^ 


_dy _ dy dz __ 


dx dz dx 


= xz , 


whence 


dy __ az 2 d 
dz 1 + 7? dz 



az 


+ Z 3 


a 2 (g 2 -22T 5 ) 

( 1+* 3 ) 3 : 


and by integration y = £ a 2 


2t? — 1 


2 + i« 2 




(1 -f- z 8 ) 2 * l + ^ 

Function y and variable x are now expressed in terms of the 
same quantity z. 

Case IY. — If the equation F(x, y, p)=0 is homogeneous 
in x and y y substitute y = xz. 
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Example. — Solve (2p 4-1 )x*y = a*-p 2 4- 2 y' 2 . 

The substitution y = zx, — = 2 ; 4- gives — ± 


dz 


da; 


da; 




= 0 , 


whence ca; -f- (z^ — l ) 2 = 0 , and cx (z^ — 1 ) 2 = 0 or 

car 4 -(?/^ — a ;-) 2 = 0 and c 4 -( 2 /“ — a ;-) -2 = 0 . 


Case Y. — Clairault’s equation, y =px 4-/(j ) )- 
The a>derivative of this equation is p=p -\- 

dx (IX 

(Jr) 

which reduces to (1) ^ \ x 4 - f\p ) | = 0. Equation (1) is satis- 

fied by (2) ^2=0 or (3) x+f\p) = 0. From (2) p = c and 

(lx 

the general primitive of Clairault’s equation is y = cx + f(c). 
The elimination of p from the given equation and (3) gives a 
singular solution of Clairault’s equation. 


Example I. — Solve y = px 4- p — p 3 . 

The general primitive, found by substituting p = c, is 
2 / = ca; -f c — c 3 . 

Example II. — Solve ar(?/ — pa;) = yp 2 . 

Multiply the given equation by y and substitute u — y 2 , 

■p = 2y^- There results ?*ar* — l x i — = \~- 9 - Substituting 
dx dx 2 dx 4 dar* 

v? = v, whence — = 2x —, u = v— 4-—, a Clairault’s equa- 

da; dv dv dv 2 

tion whose primitive is w == cv 4- c 2 . Hence the primitive of 
the given equation is y 2 = cx? 4- c 2 . 


Solve, 

1 W 

dx 2 



4-12=0. 


PROBLEMS 


2. 4 y = ar 4- p 2 . 


3. 2/ 2 = ®*(1 4-P 2 )- 

4. y 2 4- xyp — a4p 2 = 0. 
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5 . y = xp 4 - sin" 1 /?. 

6. x-i - - P = a. 

Vl + p 2 


7. y\l-p*)=b 

8. y ~2)x H- 

P 


9. 3 phf — 2 xyp + 4 ?/ -x 2 = 0 . 


dy 


10 . ^L-\-2xy — x i A-y 2 - 

dx 

1 1 . xir( n 2 4 - 2 ) = 2 - 


12 . 


13 . 


x 2 + y= p 2 . 
d ?/ 2 a = Q ' 

dx 2 x 


18 


dx 2 


14 . 

x 2 p 2 = 1 4- p 2 . 


15 . 

dy 2 1 
x- 4 -= 1 — x. 



% 


16 . 

xY + 3 xyp + 2 y 2 

= 0. 

17 . 

£<*■+v- »• 


dy 

x-Z. 

— y = o. 


dx 


-lf 2 - 

Show that the 

sing 


7 dx 2 °dx 

solution is x 2 4 - y 2 = 1. 

t 

20 . Find a curve such that the area bounded by the tan¬ 
gent and the coordinate axes is always a 2 . 


Art. 77. — Ordinary Equations in Three Variables 


If the differential equation ( 1 ) Pdx-\- Qdy Rdz = 0 can 
be solved, it may be rendered exact by some factor /x. If 

(2) u=f(x, y, z) = 0 is the solution of (1), — dx+ — dy+ ^dz=0 

dx dy dz 

and fiPdx 4 - nQdy 4- pRdz = 0 are identical, 


whence 



The identities 


d 2 u _ d 2 u 
dx dy dy dx 


d 2 u __ d 2 u d 2 u __ d 2 u 
dx dz ~ dz dx’ dy dz dz dy 


to the identities 
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Multiply (3) by P, (4) by P, (5) by Q , and add the products. 
There results 



the condition under which (1) can be solved. 

Example I. — Solve (y -f- z) dx -f - dy + dz = 0. 

Here P = y + z, Q = 1, R = 1, 

9P_ 1 dP* 5Q_ 0 dfi—a 

dy y dz ’ a* ’ a*" 0 ' ax ’ ay 

and condition (6) is satisfied. 

Considering x constant, the given equation becomes 
dy -f- dz = 0, whence y + z X = 0, where X must be so 

determined that the x-derivative of y -f- z -f X is y -f- z. 

HeilCe S =2/ + Z = -X ’ l °8 X = c - x > X = e '“‘ 

Finally, y -f- z + e c_x = 0, the solution required. 

Example II. — Solve 

2(y+ z)clx+(x + 3y+ 2 z)dy + (x + y)dz = 0. 

Here P=2{y + z), Q = x + 3y + 2z, R = x + y, 
ap_ 'ap dQ 3Q_ 0 dR -i 

dy ’ dz ’ dx~ ’ dz~ ’ dx ’ dy * 

and condition (6) is satisfied. 
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Considering y constant, the given equation becomes 

2(y+z)dx+ (x+y) dz = 0, or — (lx -f- dz - = 0. Integrating, 

x y y -f- z 

log (x + y) 2 -f- log (y -f z) = log Y y whence (x + y ) 2 (y 4- z) = ^ 
where F must be so determined that the ^-derivative of 
(x + y) 2 (y -F z) — Y is (x -f 3 y -f 2 z) (x -F y). Hence 

2 (* + y) (y+z) + (x+yf -~ = {x+3y+2z)(x+ y), 0, 

ay uy 

Y = C. Finally, the required solution is (x -F y) 2 (y -F z) = C. 

PROBLEMS 

Solve, 1. (y -F a) 2 dx -F z dy — (y -F a) dz = 0. 

2. dx -\- dy (x + y z + l)dz = 0. 

3. yz dx zx dy xy dz = 0. 

4. (y -f- z) dx -f- ( 2 : -F x) dy -F (a; -F y) dz = 0. 

6. zy dx —- zxdy -J- y 2 dz = 0. 

6- (y 2 + yz) dx + (xz + z t )dy + (y 1 — xy) dz = 0. 


CHAPTER XIII 

OBDINABY DIFFERENTIAL EQUATIONS OP HIGHER OBDEB 


Art. 78. —Equations of Higher Order and First 

Degree 

Standard I. — The primitive of an equation of the form 

d n y 

is found by n successive integrations; the primitive 
of an equation of the form y-^=/(y) is found by multiplying 

V\rv4-V» mwI 1_ d'f/ • . . _ _ riot* 


- - -- (lx* - J w/ auuiau VJJ mu 

both sides by C ^L an d integrating, then solving for 
integrating again. 


dx 

dy 


and 


Example. 


Solve ( ^ = y. 

dx* u 


Multiplying by 


d^L 

dy dy dx dy 
dx dx dx y dx 


Integrating, | Qtj =\if + <7„ whence g = Vy* + 2 C\ 


Solving or 


dx dx _ 1 

d V dy y/yi + 2 c\ 


Integrating, x = log { y + Vy 2 + 2 <7, j + C v 


Standard II. 


Equations of the form 4-/i (a:) — 

dar dx 


dy 


( x ) 


become linear by the substitution ^ = p, ^ = 

dx dx* dx 
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Example. —Solve (1 — x*)^ — x ^- = 0. 

' dx 2 dx 

Substituting = the given equation becomes 


dx 2 dx 


lfx = T^- Inte g ratin g, = C, (1 - x>yk Integrating 


again, y = C x sin" 1 x + C 2 . 

Standard III. — The equation 


P t p n + P*3L + P *3L + 

rlnr H rl^n—l dx n ~ 2 


Pj/ = Q, 


linear in y and its derivatives, the coefficients P 0 , P lf P 2f * m, Q 
being independent of ?/, is called the linear equation of order n. 
Suppose the coefficients P 0 , P» P 2 , ...p n constant and Q = 0. 

When w=l, the equation becomes P 0 ^-f P,?/=0 and y=c • e 

dx 

which has the general form y=c-e mx . Substituting y=c*e mz in 

(!) ^S + ^S+-^ = ° 


there results (2) P 0 m n 4- Ppra" -1 -f- P 2 m n ~ 2 4- ••• P n = 0, 
which shows that y = c • e™ 0 is a solution of (1) for the 71 values 
of m which are roots of (2). Representing these n roots by 

m„ m 2 , m 8 , m* • • • m n , y, = c 1 e m ‘ z , y 2 = 

2/s = c 3 <? m3X , • • • y n = c n e m n x 
are solutions of (1). Consequently 

(3) y=C 1 - e""* O z • e mjx 4 - <7 3 • e™ 3 * 4-<?„ • 

where Ci, C 2 , C 3 , ••• C n are arbitrary constants, is a solution 
of (1). Since (3) contains n arbitrary constants, it is the gen¬ 
eral solution of (1). The values of these n constants become 
known if the values of y and its first n — 1 derivatives are 
known for some value of x. 
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If the roots of equation (2) are real and unequal, (3) is a 
satisfactory form of the solution of (1). 

If equation (2) has pairs of conjugate imaginary roots, 
m l = a + b V— 1, m 2 — a — b V — 1, or m l = a -f ib, rn 2 = a — ib , 
the corresponding terms of (3) are 

Ci • e (a+a)z + C 2 • e (a - ft)l = e az (C x e ihz + C 2 e" ftz ) 

= e" \C X (cos 6x 4- i sin bx) -f- C 2 (cos bx — i sin bx )} 

by Problem 9, Art. 68. This result may be written 

j (Ci -f C 2 ) cos bx 4- i (Ci — C 2 ) sin 6x}, 

which, by placing C x = \ {A — iB), C 2 = \ (A 4- iE), becomes 
e oz (Acosfrx4- jBsin&x). Finally, placing A=K sin k, B=K cos k, 
the result becomes Ke ax sin (k + bx), where K and k are 
arbitrary constants. 

If equation (2) has equal roots m 1 = m 2 , (3) contains less 
than n arbitrary constants and is no longer the general primi¬ 
tive. In this case write m 2 = m x -f- h and the problem reduces 
itself to determining the form of the general primitive 

2/ = Ci- e miZ 4- C 2 • e (mi+ * )z -f C 3 • e msz 4- C n • m " z , 

when h approaches zero. Now 

Ci • e mi *-p C 2 • = e m ' x (C x 4- C 2 • e* z ) 

=e m '*\C l +C 2 (l + hx+ + "•)! 

by Maclaurin’s series. When approaches zero, this becomes 
e miz \(C x 4- C 2 ) 4- C 2 ftx} = e miZ (-4 4- l?x), such values being as¬ 
signed to the arbitrary constants Ci and C 2 that C x 4- C 2 = A, 
Cji = 5 when h approaches zero. 

If equation (2) has three equal roots, m l = m 2 = m 3 , a like 
analysis shows that the corresponding part of the general 
primitive is e miZ (^l 4-5x4- Cx 2 ). 
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If equation (2) has equal imaginary roots, for example 
m l = m 2 = (a -f- ib) and m 3 = m i = a — ib, the corresponding 
terms of the general primitive are 

e ax \(A + Bx) cos bx -f (C -f- Dx) sin bx\. 

Equation (2) is called the auxiliary equation of the differ¬ 
ential equation (1). 

Example I. — Solve ^ -f- 6 -f- 13 y = 0. 

dxr dx 

Substituting y = e mx , the auxiliary equation is found to be 
m 2 + 6m-|-13 = 0, whence m Y = — 3 + 2 f, m 2 = — 3 — 2 Z and 
y = e _3z {Hcos 2 a; +1? sin 2 a;}. 

Example II. — Solve — 3^-f-4 y = 0. 

cZar 2 cZar 2 * 

The roots of the auxiliary equation m 3 -3m 2 + 4 = 0 are 
— 1, 2, 2. Hence the general primitive is 

y = C • e -z -f(^44-^a;)e 2x . 

Standard IV. — Linear equations with second member not 
zero. 

Form the successive ^-derivatives of 



-f- ••• B n » y = X 


until either the second derivative becomes zero or the elimina- 
tion of X from the given equation and the derivative becomes 
possible. 

Example. — Solve ^ -f- a 2 y = sin bx. 

dxr 

The second ic-derivative of this equation is 

4- a 2 • = — b 2 • sin bx. 

dx 4 dxr 
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Eliminating sin bx from this derivative and the given equa¬ 
tion there results —^ 4 -(a 2 4~ b 2 )^-^- 4- a 2 b 2 y = 0. The auxiliary 

dx 4 dxr 

equation of this linear differential equation is 


m 4 + (a 2 -f b 2 ) m 2 + a 2 b 2 = 0, 

whence m 1 = ai , ra 2 = — ai, m 3 = hi, m 4 — — ft?'. The general 
primitive is y= C x cos (ax) 4- C 2 sin ( ax) 4- C' 3 cos (bx) + C\ sin (bx). 
This value of y is a solution of the given second order differ¬ 
ential equation if (a 2 — b 2 ) C 3 = 0, (a 2 — b 2 ) C A = 1, whence 

C 3 = 0, (7 4 ==—L_The required solution is, therefore, 


y = C\ cos (ax) + C 2 sin (ax) 4- 



sin (bx). 


Standard V. — Change of the independent variable. 

In the equation —P—-f Qy = 0, where P and Q are 

dxr dx 

functions of x, change the independent variable from x to z 

1 *■ -» -mfi -tO ✓ VO 7 lO 

There 


+ 


dz dx 2 


by the relations d Jl = *L.% dry = dh,(dz 

dx dz dx dx 2 iz 2 \dx, 

results, (1) f| Y + ^^+P^+Qy = 0. Now deter- 

dz 2 \dx J dz \dxr dx) 

mine z so that —-f P —= 0 , whence ( 2 ) z = Ce~^ pdx • dx. 

dx 2 dx } w J 

The elimination of x from ( 1 ) and ( 2 ) gives an equation whose 
solution leads to the solution of the given equation. 

Example. - Solve ^ 'M 


Here 


i y — o 

dx 2 ' 1 + ar 2 dx (1 x 2 ) 2 

2x dx 


j e~! pdx ■ dx = J 


whence 


a = tan z. The transformed equation is 4- V = 9, whence 

dz 2 


y =: Ci • cos z 4 - C 2 • sin z. Substituting for z, 


y = Ci • cos z 4 - C 2 • sin z = C x 


+ C< 


x 


Vl 4- s 2 Vl 4- oj 2 
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PROBL EMS 

Solve, 


, d s y . 3 

1 . —A — sm 3 a. 

da* 3 

12. <S^=f + ,. 

dar da* 

2. ^ + 5* + 4, = 0 . 
da 2 dx 

13. 3 rf ' y + 2/-0. 

da* 3 da- 

3. x 2 d \ = 1. 
dx 4 

14. *y = a-fl. 

da 2 * 

o' 

II 

"ell* 

+ 

t I'B 

Tii 

15. ^ + y = cos a*. 
da 2 * 

5. ^ + 6?+9y = 0. 

dor da 

16. ** 3? + 2y-*- 

da* 2 da* 

6. —m 2 y = 0 . 
dor J 

i7. + 3y = sin (ma). 

d 2 y o 

7. — s ^ = ar • sin a. 
dx* 

18. ^ -f- 4 y — cos (wa). 
dx* 

8. d 3 y == ri 2 .V + 6 rf.V. 

da .' 3 dx 1 dx 

19. (1 X 2 ) 2 - x< r = ^ 

v ' dx 2 dx 

'■ £l+*3-»»-a 

. 20. x rf2 - v ^ + 4^ = ^. 
da* 2 da 



ii. f*=*■«•. 

da 3 

-• -S+S-- 1 


Art. 79. — Symbolic Integration 

If u, v , to are any symbols whatever obeying the funda¬ 
mental laws of ordinary algebra, namely: 
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the associative law, u -j- v + w = (u -f- v) -{- w 9 uvw = (uv)w ; 
the commutative law, u -j- v iv — v -f- u -j- w, uvw = vuw j 
the distributive law, (u + v) w = uw -j- vw j 
the law of indices, u m u n = u m+n ; 


any algebraic transformation of expressions involving u } v , w 
gives a valid result. 

Denoting the operation of forming the first derivative by D, 
that of forming the second derivative by D 2 , that of forming 

the third derivative by D 3 , so that Dy = >J ^-, D-y = < ^-, 

tv —d 3 y . dx dz? 

J - r y — and defining the symbol D~ l by the equation 

to the symbol of 

D- 1 ■ Dhj = Dy, 
D 2 . Dy = D~'y ; that is, the law of indices of algebra holds 
for D affected by integral exponents. 

II. (a -j- bD — cD 2 ) y = f (a + bD) — cD 2 j y ; that is, the 
associative law of algebra holds for D combined with 

constants. 

III. (aD -f bD*)y = D(a -f- bD)y\ that is, the distributive 
law of algebra holds for D combined with constants. 

IV. (a bD)y = (bD + a)y , aDy =Day\ that is, the com¬ 
mutative law of algebra holds for D combined with constants. 

Since the operator D obeys the fundamental laws of algebra, 
the result of any algebraic transformation of expressions con¬ 
taining D and constants is valid. For example, by Maclaurin’s 

series, 


D 'y) = Vi whence D 1 is equivalent 
integration J* 9 it follows that: 

I. D . Dy = D 2 y y D • D 2 y = D 3 y y 


f(P) = ^0 4- -4i • D A 2 • D 1 -f-... A n • D n -f- ••• = ^ZA n 
Hence /(D)y = 2• D"y. If /(D) y = X, y x 

IS the definition of the operator — L_ inverse to /(D). 


D". 

This 


f{D) 
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For instance, 

(D 2 — 3+ 1) (2a -3 — 5 a; 2 + 7 a;) = 2 s 3 - 23ar*-+49a;-31. 

Hence ™— T7 - T(2x 3 -23x* + ‘i9x-31) = 2x 1 -5x 2 + 7X' 

U £ — o U -f- 1 


Example I. — Show that (D 2 — D — 2)y = 
(D 2 — D — 2) y = 




(fl + l)(D-2) s =<P + l)(|- 2 ,) a g-2| + |-2 ! - 

= d?y_dy _ 2 

dx 2 dx 

Example II. — Show that / (D) e az = /(a) e az . 

f(D) = '2A n D n and A n D n e aX = A n a n e? z . 

1 1 __ 

Hence f(D)e ax =f(a)e ax . Inversely ■ x €<1X = -rrr 6 • 

/(!') /W. 

Example III. — Show that — _ ^ — y = 

Performing the operation D 2 — D — 2 on both sides of the 
assumed identity, 

(g-D-2) g _ 1 c _.^ '--p-2\irri-:p-2 

or ysj-ifl + i+i/j + Uysy, which proves the assumed 

9 • 

identity correct. 

Example IY. —(D 2 -2I>+ 2)y = 6ic-+ Eindy 

1 




y 


y = 


(6x-9x? + 2z?) 


D 2 - 3 D + 2 

= T ±^(6x-9 a? + 2a^--—^( 6 *-9* 2 + 2a V 

= (1 + D + Z) 2 -f -D 3 + & -f • • •) (6 x - 9 x? 4- 2 s 8 ) 


2 4 


D 2 D 3 D* 

-L.±L-L-±L + ±L + 

^ 8 ^ 16 32 


.. (6 a; — 


9x i + 2x 3 ) 


^x 3 . 
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This is a particular value of y since it does not contain arbi¬ 
trary constants. 


Example V. — y = [0]. Find y. 

This is equivalent to (Z) — 2) y = 0, which is the same as 

the linear equation 2^ — 2 y = 0. Whence v = e 2 * 

cte * 


PROBLEMS 


1. Show that /(i))[€«*X] = c“./(Z> + a)[X], and conse¬ 


quently 


f(P) 


[e“X] = e 


ax 


f P 4- a) 


[X]. 


2. (D 2 -f D -f-1) y = e*# 3 . Show that y = — a 2 -f £ a; -f- 


3. Show^that /(D 2 ) sin (mx) =/(— m 2 ) sin (wo;) and conse 

* sin (mx). 


qU “ % , 


4. Show^that /(D 2 ) cos (ma;) = /( — ra 2 ) cos (mx) and conse> 

cos (rax). 


q uentl y ttUc cos (nix) = 1 




6. Show that 


6. Show that 


7. Show that 


8. Show that 


/(- m 2 ) 


1 — ** 
D(Z)-l) “ 2 *• 


-D 2 — 4Z) + 4 

_1_ 

Z>* 4- Z) 2 + D + 1 


e 2 * sin x = — e 2 * sin a. 


e 2 * = 


e 2 ^ 

15 


D 


D 


e* sin x = e* (sin a; — cos a;). 


9* CP — m) y = 0. Show that y = 


D — vi 


[0] = e"« 


(Z> — m) : 


10 . Show that y = — - [0] = e ~ (Ci + CW>- 
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Art. 80. —Symbolic Solution of Linear Equations* 


Writing the linear equation + ^ 

clx &X 

with constant coefficients and second member zero in the form 

(P„Z>- + iVD- 1 + P 2 Z>"- 2 + - P„) y = 0, 


y = 


PJP + + 1\D»- 2 + -P n 


[ 0 ]. 


Factoring, P 0 D" + PJ>- X + P,D n 2 +-P n 

= (D — m,) (D — v i 2 ) (D — m 3 ) ••• (X* — 


Decomposing into partial fractions 

a 


y = — Q— [0] + - - 

u D—mi J D—m 2 


[ 0 ] + 


C\ 


D—m z 


[0] 4* ••• + 


C n 


D—m n 


[ 0 ], 


hence, y = C\e^ + C 2 e m * + C 3 e^ + ••• + C n e mra . 

(J 

If m x = m 2 , a partial fraction of the form ^__ w J 2 
The value of ■ , ^ — —- o [0] i s (®i + C?x)e miX . 


occurs. 


(D — mi) 2 

In general, if m x = m 2 = m 3 = ••• m r9 a fraction of the orm 
^ occurs. The value of /r , ^ — r [0] is 


(D - mi) r 


{D — m x ) 


(C 1 + C&+C& 1 4- - C r _#?-* 4- C r -iaf- 2 4- Cjr- 1 ) e mi *- 

If m, = m 2 = a + W, m 3 = m t = a- hi, the corresponding 

terms of the solution of the differential equation are 

{Ci 4- C&) + (C s + C 4 ) e*~ bi , 

reducing to {A x x 4 -Si) cos (P x ) “f" (-4? 4* -® 2 ®) s i n (^)* 

The solution of (1) P 0 g + P,|3+ - + ^ = X ’ ^ 

*Maclaurin introduced the symbolic solution of differential equation 
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coefficients constant and right-hand member a function of x y 
is y = Y 4- u, where Y f called the complementary solution 


of (1), is the solution of P 0 ^ + p^ ^ 


4. ... _j_ p^y = an d 


dx n ' X dx n ~ 1 

u is any particular solution of (1). Tor substituting y = 



u 


in (1), f 


P 0 f ^I+P 1 ^X + ... + P n r\ 


dz* 


dx' 


+ ( p *S +p >|3 + -- p -“)“^ 


which is a true equation by the hypothesis. 


Example I. — Solve ^- — y = x *. 

dx* 

Writing the complementary equation (D* — 1) F= 0, or 

(-^ 1) (-^"h V=l) (Z)—■>/ —1) Y = 0, the complemen¬ 
tary solution is found to be Y = Ctf*+C 2 e~ z + C 3 sin x + C A cos x. 
The particular solution is 



1 

D*—l 


fl? 4 = (— 1 — D* — D *— 



Hence the general solution of the given equation is 

y = C x e T -f- Cgr* -f- C 3 sin x + (7 4 cos x — x* — 24. 


Example II. — Solve ^ — 2^ 4- y = x?#** 

dx 1 dx 

The solution of the complementary equation 

(D 2 -2P + 1)F=0 is Y = e*(Ci + C&). 

The particular solution is 


= W-2D + 1 ^ 

= e 3 *--- - --_ p3x_I_ 

( J D + 3)^-2(P-h3)-M - e (2 + 

= e& (i ~ f ^ ^ = i e31 (2 se 3 - 4 * + 3). 
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The general solution is 

y = e z (C l 4- Cox) 4- e 3 * (2 x? — 4 x 4- 3). 


Example III. 


d y , dy _ g* n ^ x y 


Solve —^ + 

' dx? dx 


The solution of the complementary equation 

(D 2 + D + 1)F=0 is Y = e--^CiCOS^x + C 2 sin~x 

The particular solution is 

1 


u = 


sin (2 x) = _ ^ — sin 2 x = sin 2 a; 


Z>-3 


Z> 2 -9 


D 2 4-X>4-1 

=5 - & (D 4- 3) sin 2 a; = - ^ (2 cos 2 a + 3 sin 2 a). 
Hence the general solution is 


V3 


. V3 


y = e 2f (7i cos -^a; 4- Ci sin -^ay — y 1 ^ (2 cos 2 a; 4- 3 sin 2 a;) 


Solve, 

i. ^ + y= 1+x+ * 1 - 

<Py_ ? dy + .. 

dar* *da; y 

3 - ^K+y = cosx - 

dx* 


PROBLEMS 


4. 


_ 3^y + 2y = are 21 . 


dx? dx 


d 2 y 


6. 4- 4 y = a sin 2 a;. 

dar 2 


6 . A_2^4-4y=e*cosa:. 

dar* da; 

7 . ^+ 3 y =sin Y x ' 

8. d?! -p 4 y = cos (na;). 
dar 2 

9. d?y ^ sin 2 a;, 

da^ 

10 . ^-f-4y = 2a^sin z a;. 

dar* 


11 . 


d 2 y , 9 dy 


_i_2^4-2y = e x sin a; 4- cos a;. 
dar 2 da; 

^V_l_2^4- y = a^cosar. 
dx? dx? 


12 . 
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Art. 81. — Systems of Simultaneous Differential 

Equations 


Let Py^ = Q, P x c ^l = Q l} where x is the independent 

CtX C(X 

variable and y and z are the dependent variables, and P, Q> 
Piy Qi are functions of x , y , z. It may be possible by combin¬ 
ing the given equations with their derivatives to obtain an 
equation in which one dependent variable and its derivatives 
do not appear. 

Example. — Solve — — 7 .t -f ?/ = 0, — 2 x — 5 y = 0. 

(It J ’ dt u 

Form the ^-derivative of the first equation, 


d 2 x „dx 
dt 2 dt 



and eliminate y and ^ from this equation and the two given 
equations. There results the linear equation 


d 2 x 
dt 2 



-f 37 x = 0, 


whence x = e u {C Y • cos t -f C 2 • sin t). Substituting this value 
of x in the first of the given equations, 

V = e 6< K^i - Q cos t -f- (d + C 2 ) sin t\. 

If the given equations can be written in the form 

dx _ dy _ clz 

P~ Q-Ji’ 

each of these equal ratios equals — + n dz and the 

last ratio implies the same relation between x y y , and z as the 
three given ratios. If Z, m, n can be so determined that 
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IP + mQ + nR ~0, it follows that Idx -f- mdy -f ndz = 0. 
The integral of the last equation is an integral of the given 
system of equations. 

Example. - Solve 

yz xz y 2 

Write X C * X —ty-dZ — -hmdy + n dz 
y 2 z xz y 2 ly 2 z -j- mxz -f- ny 2 

Placing l = — x, m = y 2 , n = 0, ly 2 z -f- mxz -f ny 2 = 0, whence 

— x* dx + y 2 dy = 0 and y 3 — x? = C v 

Placing l = — 1, m = 0, n = z, ly 2 z 4- -f- ny 2 = 0, whence 

— xdx + z dz = 0 and z 2 — x 2 = C 2 - 


PROBLEMS 


Solve, 1. ^ + dy + 2 x + y=0,^+5x + 3y=0, 

dt dt 


dt 


dx 


Qi _ 


2. —+ 5a;-23/ = e', , 

a ’ dt 


x + 6y=e 7t . 


3 . 


dx _ dy _ dz 


x 2 


4 . — dx = 


y xy 

_ dy __ dz 


3y + 4z 2y + 5z 


5. 


d?x 

dt 2 

d 2 x 


-3* + 4y + 3 = 0, ^+z + y + 5 = 


0 . 


dt 2 


•• s+ 3 i+ i 6 *-°-?-- 6 f +9! '- 0 ' 



CHAPTER XIV 

* 

PARTIAL DIFFERENTIAL EQUATIONS 

Art. 82. — Formation of Partial Differential 

Equations 

Example I.—Form the partial differential equation of the 

system of spheres (1) (x - a) 2 +(y - bf + z 2 = R\ whose 

centers (a, b, 0) lie in the X E-plane and whose radius is 
constant. 

i* Consider z the dependent, x and y the independent variables, 

and denote — by p, by q. 

ox dy 

Differentiating (1) partially with respect to x, 

(2) (x — a)+ zp — 0 •, 

differentiating (1) partially with respect to y, 

(3) (y — b)+zq = 0. 

Eliminating a and b from (1), (2), (3), z\l + p* + <f)= R\ 
the partial differential equation required. 

Example II. — Form the partial differential equation of 
the expression z = ^(y + ax) + <f, 2 (y - ax), where ^ and <j> 2 
are arbitrary functions. 

( Writing the given expression 2 = <£,(>,) + £,(»,), which 

requires that v l= =y + a x, v 2 = y-ax, and differentiating 
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twice in succession partially with respect to x and also with 
respect to y , 

- a<t>' 2 (v 2 ), = a 2 • <£"iOj) -f a 2 • 

ox dxr 

|?= 4>\(vd+ 4 >',(v 2 ), p 2 = fi(vi)+ *"2 W). 

dy oy z 

By division, = a 2 • the partial differential equation 

dxr dy 2 

required. 

Observe that partial differential equations result either 
from the elimination of arbitrary constants from a function 
and its successive partial derivatives, or from the elimination 
of arbitrary functions from an expression and its successive 

derivatives. 

PROBLEMS 

Form the partial differential equations of the following 
expressions: 

1. z = ax + - + &. 3. z = ax + by + ab. 

a 

2 . z = ax + a 2 y 2 -f b. 4 . z = <f)(y 4* w®)* 

5. y — bz = <f>(x — az). 

6. z + ay + bx= <f>](x — a) 2 +(y — P) 2 + 


Art. 83.—Partial Differential Equations of First 

Order 

Standard I. — Equations of the form F(p, q)=^ 

Try a solution of the form z = ax + by 4" Since p — ® 

and q = b, z = axby + c is a solution of ^ 

2P(a, 6) = 0. Denoting by /(a) the value of b obtained from 
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the equation F(a,b)= 0, the solution of F(p, q) = 0 is 
* = ax +/(a) • y + c. 


Example. — Solve p 2 -f- q 2 = m 2 . 

Here a 2 -\-b 2 = m 2 , whence 6 = Vm 2 — a 2 , and the solution is 
z = a# 4- Vm 2 — a 2 • y -f- c. 


Standard II. — Equations of the form F(z, p, q) = 0. 


Try a solution of the form z = <j> (x -f- ay). Writing 

*=*(»)> v = x+ay, * = £*» = * and q = ^ = a^-. 

do ox do do dy dv 

By substituting these values of p and q the given equation 
becomes F^z, a < ~\ = 0, an ordinary differential equation 


whose solution leads to the solution of the given partial differ¬ 
ential equation. 

Example. — Solve 9 (p 2 z -f q 2 ) = 4. 


Writing z = <f> (v), v = x -f ay, whence p = 

f • * 

the given equation becomes 


dz 

dv 


and q = a 


dz 

dv 



and * = 
dv 

Integrating, f (v + c) = f (2 + a 2 ) * or (x 


2 1 
3 Vz + a 2 

4- ay -f- c) 2 = (z + a 2 )® 


Standard III. — Equations of the form F 1 (x,p) =F 2 (y , g). 

Assume (1) Fi (#, p) = a, (2) F 2 (y, q) = a, where a is an 
arbitrary constant. Integrating (1), 2 (x, a) + Y, where Y 

represents the terms of 2 which do not contain x\ integrating 
(2), z =/ 2 (y, a) -f- X, where X represents the terms of 2 which 
do not contain y. Hence 2 =fi(x, a) -f/ 2 (y, a) + C is the 
required solution. 


R 
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Example. — Solve p 2 + q 2 = x -f y- 

Write this equation p 2 — x = y — q 2 = a, whence 

dz 


Integrating, z = £ (a 4- x)* 4- Y, 3 = |*(y — a)* + X, 


(sZ 1 

p = — = (a -f xy and q 
ox 


and 


* = 1(« + *)* + f (y - °) 4 + Q 


the required solution. 

Standard IV.—The analogue of Clairault’s equation 

z =px + qy -f- <£ (p, q)- The solution of this equation is 

d 

z = ax + by + <l> (a, b), for °~=p = a, -~ = q = b. 

Example. — Solve z — px + qy + (1 •+- p 2 + ? 2 )^- 
The solution is z = ax + by + (1 + a 2 4- 

Standard Y. — Lagrange’s solution of (1) P — + Q ^ =■ R > 

where P, Q, R are functions of x, y, z. 

Suppose (2) u = Fix, y,z) = a to be a solution of (1). 

Differentiating (2) partially with respect to x and y, 

/o\ du dudz =0 (4) + f^ = 0. 

dx + dz dx ’ ^ ' dy + dz dy 

Solving (3) and (4) for || and g and substituting in (1), 

there results (5) pg + Q g + R g = °- Hence a solution of 

(1) is also a solution of (5), and conversely. 

Writing the system of equations 

^dx + pdy + ^dz 

rlr. fin dz _ dx dy dz 

p Q R P^+Q^+Rp 

dx dz 
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2*3 

it is evident that if u = a is a solution of the system of 

equations ^ = ^ = it must also be a solution of 

P It 

P — + Q~+ = 0, and consequently of P — -f Q — = R. 

oy oz dx dy 


dx 


If u = a and v = b are two independent solutions of the 
system of equations ^ ^ = g, f( U) v ) = 0, where / repre¬ 

sents an arbitrary function, is also a solution of (1). For 


-P—/(«, v) + Q jyf( u > v ) + R —/(m, v) 


dx 


e p i^> *) • S+*) • £ + .) • g 


dx 


dy 


dx 


+ Q #/(«, v).^+ B±f(u, v).p+ R±f(u, V ) . |2 

dy da: 


dv 


dy 


du 


dz 


= l-.Au > v)\p^+ q|* f+i? 


+ 


du 

a_ 

dy 


I dx ' ''dy 


f(u, v) | 


dx 


<>y 


du 

dz 

dv 

~d~z 


Q~+ J = 0 by hypothesis. 


The solution /(u, y) = 0 may be written u = <f> (y), where <ft 
represents an arbitrary function. 


Example. 


Solve xz ■ ^ + yz ■ = xy. 

ox dy 


The system of equations — = ^ = — is satisfied by - = a 

xz yz xy J y 

and xy — z 2 = b. Hence the general solution of the given 
equation is xy — z 2 = </> 


Solve, 

1. pq = 7c. 


PROBLEMS 


2. q = xp p 2 . 


3. z = px + qy+ pq. 
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4. p 2 -f = 2 a;. 

5. p 2 + q 2 = npq. 

6. p 2 = z 2 (1 — pq). 

/ 4 

7. p(l+q) = QZ- 

8 . z=px + qy + 3pkqi 



10 . 


11 . 


12 . 



Art. 84. —Linear Equations of Higher Order 
Standard I. — All derivatives of the same order. 


Example. 


r, 1 d-z . o d 2 z I o d z _ 0 

Solve — -f 3^-^- + — a 

da ,* 2 da; dy dy 


Assume z = <£ (y + trip), where <f> represents a^n arbitrary 
function. Writing z=</>(v) and v = y + mx, ^ = «*'(«)> 

8h = = mfiv), g = *'(«), g = 


Sub- 


da; 2 


cteSf/ dy r ' " <¥ 

stituting in the given equation, (m 2 + 3 m -f 2) <£''0) = 0. 

s • , ,. „ d 2 z , n dh , 2 ~ = 0 

Hence z = <f,(y + mx) is a solution of — + + * dyi 

if m 2 + 3 m + 2 = 0, that is if m = - 1, m = - 2. The requued 
solution is therefore z == <£i(j/ — «) + <fa(y — 2xJ. . 

Standard II. — General linear equation. 


dz 


#!o. 


>EXampl_e.\- Jnlve lj-^-3^ + 3^ 
Assume z = e~+’«', whence J|= 


d^Z 

dar* 


m 2 e" u+ny , 


dz 

dy 


= ne mz+ny 


d 2 z 
' dy 2 


= n 2 e mx+ny . 
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Substituting in the given equation, 

(m 2 — n 2 — 3m+ 3 = 0. 

Hence z = e mx+ny is a solution of the given differential equa¬ 
tion if m 2 — n 2 — 3 m 4 - 3 n = 0. Solving this equation for m, 
m = n, m — 3 — n. Hence z x = e" {z+y) and z 2 = e* • e n(v ~ z) are 
solutions of the given equation for all values of w, and in 
general z = 2A n e n(z+v) + ^B n e n ^~ z \ where n, A ny and B n are 
arbitrary constants is a solution of the given equation. Since 
'2*A n e n(z+v) and 2-B n e n(y-z) are arbitrary functions of x 4 - y and 
V — * respectively, this solution may be written 

z = <t>i(x y) + e^4> 2 {y - x ). 


Solve, 

1 . 4 - 5 

dx 2 . 


PROBLEMS 


d 2 z 


&Z 

dx 2 


2 . 


dx dy 


-+6 

d 2 z 

0. 3. 

d£y 


X, 

. J 

dt! 2 


^az 

r- IV 

= 0. 4. 

dh 

• dx 

dy 


dx 2 

5. 2 

d 2 z 

co 

Qj 

1 

2— 


dx* 

dx dy 

<v 




= a 


dx 2 


d 2 z dz 
dx dy dy 


-z = 0 , 


= 0. 
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